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Many-user setting

e user density /1 := L/n
e fixed user payload k bits
e energy-per-bit constraint: ||c/||5 < E := Epk

e users have distinct codebooks

Linear scaling regime: L, n — oo with 1 fixed.

Given [, what is minimum FEj, /N, required to achieve a target error rate?

[Chen, Chen, Guo, '17], [Ravi, Koch '19], [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19],

[Polyanskiy, Kowshik '20]
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Previous work [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], [Polyanskiy, Kowshik '20]

What can be achieved without memory or computational constraints?

random Gaussian codebooks + maximum-likelihood decoding

This talk [Hsieh, Rush, Venkataramanan '22], [Liu, Hsieh, Venkataramanan '24]

What can be achieved with efficient coding schemes?

random linear coding + Approximate Message Passing (AMP) decoding
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Small user payload k = 8 bits,
target P, < 1074
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Small user payload k = 8 bits,
target P, < 1074
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Small user payload k = 8 bits,
target P, < 1074
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sparse linear regression codes + AMP decoding

---------- Hsieh, Rush, Venkataramanan 22 :
[ | (memory and computational costs both o< 2)
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Large user payload £ = 240 bits,
target P, < 1074
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[Hsieh, Rush, Venkataramanan '22]

random Gaussian codebooks + ML decoding

sparse linear regression codes + AMP decoding
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Random binary-CDMA + outer code

user 1 user ¢ user L X

nAr . S |
B ' L1

# Chann?l USeSA 1l aq i a,gi - - - ar

n = nd .
v oo - T,
<—— d bipolar symbols € {+VE}

LJ

For each user 7 € |L]:
* Random signature sequence: ay € R™

e Quter (k,d) linear code: k bits payload encoded in «; € {+VE}? ~ pz
e.g. LDPC

Channel output: ¥ = ZEQ[L] a,z;+E=AX + E c Rxd

memory and computational costs linear in k&
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AMP decoder for i.i.d. Gaussian A

Given Y = AX + € and A, recover X

Start with initialiser X =0 , for t > 1 debias term
1 T
Zt:Y—AXt _Zt—1|: / t—1 i|
+ 7 EGZ[L]ntl (86 )

Xt—l—l =1, (St) ’ St _ ATZt i Xt

End with hard-decision estimate X' ' — he(S?)

e :RY 5 RY s Lipschitz and applies row-wise to matrix inputs

* debias term ensures empirical dist. of rows of (S' — X) — A(0, 2")

e 7t estimates X from observation in Gaussian noise can be
deterministically
computed
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4

Theorem [Liu, Hsieh, Venkataramanan '24]

For A "~
Asymp. user error rate (UER)

lim — Z ]1{:13t+1

L—oo L,

Asymp. bit error rate (BER)

s S 1 (e 4

/=1 1=1

N(0,1/n),let 71,....7: be Lipschitz, then

CB@}
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Theorem |[Liu, Hsieh, Venkataramanan '24]

For A "=" N(0,1/7), let 71.....7: be Lipschitz, then
Asymp. user error rate (UER)

lim — Z ]1{thrl + x4} :EP) (ht (i + gtﬁ) # 53“))

L—soo L

deterministic

Asymp. bit error rate (BER) q”T““eS
T -
1
~1 1 B
fim, d51511{%¢ i} g o (e + o] # 2)

w

e Z € {£VE}* uniformly distributed among 2 codewords
e g € R" ~ N(0,%") independent of
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How to choose denoiser 7, : R — R% 2

e Bayes-optimal computational cost
L k 33
zit =n.(s}) =E 2|2+ g' = s} O(2"d%)

B exp( sz’ —2s)T(Z) )
Z L exp (—i(z' —2s))T(E")1z’)

 marginal-MMSE

E[Zy | 1+ 91 = 4]

tH =1 (8) = f 0l)

E[Zq | Zqg + g = s} 4]

e Belief Propagation (BP) [Amalladine et al. '22], [Ebert et al. '23]

E[Z1 | Z1 + g1 = s; 1 , parities involving 7 satisfied]]

=1):(s ) : O(d)

E[Zq | Tq+ g = s} 4, parities involving Z4 satisfied] |

t—l—l
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Belief Propagation (BP) denoiser z!™ = (s)

d variable
nodes

Vs
N -
Q.

[t

~

£ x
o~ o+ o+
<, <.
w N

10/13



Belief Propagation (BP) denoiser z!™ = (s)

d variable
nodes kE—d

st . ‘ check
nOdes
t
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Belief Propagation (BP) denoiser z!™ = (s)
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Belief Propagation (BP) denoiser z!™ = (s)
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Belief Propagation (BP) denoiser z!™ = (s)
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Belief Propagation (BP) denoiser z!™ = (s)

d variable 1 . Inltlallse:
nodes L —d O g p(sp; |Tey = +VE) B 2\/@3% (st )
st . | check J—i p(st . |ze; = —VE) -yt T £,J
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(R) _ (R) approx. marginal
L; 8573 T Z ) Lis; posterior probabilities
1EN(j

4. Update AMP estimate:
[ (SZ)L. =V E tanh (L§R)/2)

~ E[Ej | Z; + g;’- = szjj , parities satisﬁed}
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Belief Propagation (BP) denoiser z!™ = (s)

d variable
nodes E—d
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Jacobian has closed form
expression

when R < girth of bipartite graph!
[Amalladine et al. '22], [Ebert et al. '23]
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Theorem [Liu, Hsieh, Venkataramanan '24]

For A "X N(0,1/7), let 71,---.7: be Lipschitz, then

lim UER := lim — Z 1{z," £z} =P (h (2 +g") # )

L—o0 L—soo L
1 L d 1 d
Jim BER = lim — >3 {azﬁl#x“}—E;]P’([ht(x—kgt)]i#xi).

“

Applies to AMP with BP denoiser!
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payload 360 bits, target BER < 102

Spectral efficiency S

0.0 2.5 5.0 75 100 125  15.0
Ey /Ny (dB)

Spectral efficiency: total # bits / total # channel uses
S=uk=Lk/n
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payload 360 bits, target BER < 102
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payload 360 bits, target BER < 102
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payload 360 bits, target BER < 102

[Hsieh, Rush,
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Summary

Many-user Gaussian multiple-access

e State-of-the-art error rates for larger payloads k via

random binary-CDMA with outer code + AMP decoding with BP denoiser

* Memory and computational costs linear in payload &

* Exact asymptotic error guarantees

» Key future direction: extension to unsourced multiple access

X. Liu, K. Hsieh, and R. Venkataramanan, Coded many-user multiple access via
Approximate Message Passing, https://arxiv.org/albs/2402.05625, 2024

Correspondence to: {xI394, rv285}@cam.ac.uk

Jamison R. Ebert, Jean-Francois Chamberland, Krishna R. Narayanan, Multi-User
SR-LDPC Codes via Coded Demixing with Applications to Cell-Free Systems,
https://arxiv.org/abs/2402.06881, 2024
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