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Gaussian multiple-access channel (GMAC)
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<latexit sha1_base64="x7nx6TzBPA9HjjUMWwetLMvNDBk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EonYBGwuLBMwHJEfY28wla/b2jt09IYT8AhsLRWz9SXb+GzfJFZr4YODx3gwz84JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrczv/WESvNYPphxgn5EB5KHnFFjpfp9r1hyy+4cZJV4GSlBhlqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mhU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZl+TPlfIjBhbQpni9lbChlRRZmw2BRuCt/zyKmlelL1KuVK/LFVvsjjycAKncA4eXEEV7qAGDWCA8Ayv8OY8Oi/Ou/OxaM052cwx/IHz+QOkZozS</latexit>

L

codewords

<latexit sha1_base64="TghvR7bUheUm5bx6Ob27qvFCtgk=">AAAB+XicbVC9TsMwGHTKXwl/AUYQsqiQmKqEoTBWsDC2Ev2R2qhyHLe16tiR7VSKoo68BQsDCLGy9DnYeAZeAqftAC0nWT7dfZ98viBmVGnX/bIKa+sbm1vFbXtnd2//wDk8aiqRSEwaWDAh2wFShFFOGppqRtqxJCgKGGkFo7vcb42JVFTwB53GxI/QgNM+xUgbqec4tt0NBAtVGpkrSyc9p+SW3RngKvEWpFQ9nda/H8+mtZ7z2Q0FTiLCNWZIqY7nxtrPkNQUMzKxu4kiMcIjNCAdQzmKiPKzWfIJvDBKCPtCmsM1nKm/NzIUqTyamYyQHqplLxf/8zqJ7t/4GeVxognH84f6CYNawLwGGFJJsGapIQhLarJCPEQSYW3Ksk0J3vKXV0nzquxVypW6aeMWzFEEJ+AcXAIPXIMquAc10AAYjMETeAGvVmY9W2/W+3y0YC12jsEfWB8/JrWXFQ==</latexit>y

<latexit sha1_base64="+fkq53s3Qv8cMr9v3Z3S9cX7BHk=">AAAB+3icbVC9TsMwGHT4LeEvFImFJaJCYqqSDoWxKgtjK9EfqY0ix3Faq44d2Q6iivIqLAwgBCNvwBOwsfAsOG0HaDnJ8unu++TzBQklUjnOl7G2vrG5tV3aMXf39g8OraNyV/JUINxBnHLRD6DElDDcUURR3E8EhnFAcS+YXBd+7w4LSTi7VdMEezEcMRIRBJWWfKtsmsOA01BOY31lKPdrvlVxqs4M9ipxF6TSOGl/k7fmR8u3PochR2mMmUIUSjlwnUR5GRSKIIpzc5hKnEA0gSM80JTBGEsvm2XP7XOthHbEhT5M2TP190YGY1mE05MxVGO57BXif94gVdGVlxGWpAozNH8oSqmtuF0UYYdEYKToVBOIBNFZbTSGAiKl6zJ1Ce7yl1dJt1Z169V6W7fRBHOUwCk4AxfABZegAW5AC3QAAvfgATyBZyM3Ho0X43U+umYsdo7BHxjvPylql5o=</latexit>c2

<latexit sha1_base64="sA/N1Ti/JkY7Ym6wVabS7Nx1Iqg="></latexit>

"
i.i.d.⇠ N (0, N0/2)

<latexit sha1_base64="K42KOXC4yUG+0yTz2b7M0dRShAU=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48tmB/oF2WbDbbhmaTJckWy9I38eJBEcGTr+ATePPis5hte9DWgZBh5vvIZIKEUaUd58sqrK1vbG4Vt0s7u3v7B/bhUVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN3kfmdMpKKC3+lJQrwYDTiNKEbaSL5t9wPBQjWJzZXdT33Xt8tOxZkBrhJ3Qcq1k+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa6qeKJAiP0ID0DOUoJsrLZsmn8NwoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpkS3OUvr5L2ZcWtVqpN00YdzFEEp+AMXAAXXIEauAUN0AIYjMEDeALPVmY9Wi/W63y0YC12jsEfWO8/3gyXhg==</latexit>x1

<latexit sha1_base64="Amy/5e8hnSsJyEkqvlPnfrhysgE=">AAAB+XicbVDNSgMxGMz6W+vfquDFS7AInspuD9VjqRePLdgfaJclm822odlkSbLFsvRNvHhQRPDkK/gE3rz4LGbbHrR1IGSY+T4ymSBhVGnH+bLW1jc2t7YLO8Xdvf2DQ/vouK1EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjG5yvzMmUlHB7/QkIV6MBpxGFCNtJN+2+4FgoZrE5srup37Ft0tO2ZkBrhJ3QUq10+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa7KeKJAiP0ID0DOUoJsrLZsmn8MIoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpoS3OUvr5J2pexWy9WmaaMO5iiAM3AOLoELrkAN3IIGaAEMxuABPIFnK7MerRfrdT66Zi12TsAfWO8/35CXhw==</latexit>x2

<latexit sha1_base64="YKyZmSmGBPk8Vc5KvI4HGKiZqQ4=">AAAB+XicbVC9TsMwGHT4LeUvgMTCYlEhMVUJQ2GsysLA0Er0R2qjyHGc1qpjR7ZTUUV9ExYGEEJi4hV4AjYWngWn7QAtJ1k+3X2ffL4gYVRpx/myVlbX1jc2C1vF7Z3dvX374LClRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvc789IlJRwe/0OCFejPqcRhQjbSTftnuBYKEax+bK7if+rW+XnLIzBVwm7pyUqseNb/pW+6j79mcvFDiNCdeYIaW6rpNoL0NSU8zIpNhLFUkQHqI+6RrKUUyUl02TT+CZUUIYCWkO13Cq/t7IUKzycGYyRnqgFr1c/M/rpjq68jLKk1QTjmcPRSmDWsC8BhhSSbBmY0MQltRkhXiAJMLalFU0JbiLX14mrYuyWylXGqaNGpihAE7AKTgHLrgEVXAD6qAJMBiBB/AEnq3MerRerNfZ6Io13zkCf2C9/wAHB5eh</latexit>xL

<latexit sha1_base64="cUlVgDthGGMpM6OdT47WjMT+6cE=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48eGjB/kC7LNlstg3NJkuSLZSlb+LFgyKCJ1/BJ/DmxWcx2/agrQMhw8z3kckECaNKO86XVVhb39jcKm6Xdnb39g/sw6O2EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6yf3OmEhFBb/Xk4R4MRpwGlGMtJF82+4HgoVqEpsrw1P/zrfLTsWZAa4Sd0HKtZPmN32rfzR8+7MfCpzGhGvMkFI910m0lyGpKWZkWuqniiQIj9CA9AzlKCbKy2bJp/DcKCGMhDSHazhTf29kKFZ5ODMZIz1Uy14u/uf1Uh1dexnlSaoJx/OHopRBLWBeAwypJFiziSEIS2qyQjxEEmFtyiqZEtzlL6+S9mXFrVaqTdNGHcxRBKfgDFwAF1yBGrgFDdACGIzBA3gCz1ZmPVov1ut8tGAtdo7BH1jvP+bll4w=</latexit>cL

<latexit sha1_base64="4DH5HIrsVz6mTU3xZzjeYUuEEPE=">AAACI3icbVDJSgNBEO1xjXEb9eilSRAEJcx4iOIp6MWDhwhmgUwIPT2dpEnPQneNOAzzF36AF3/FiwcleMnBf7GzHDRJQVOP96qqq54bCa7AskbGyura+sZmbiu/vbO7t28eHNZVGEvKajQUoWy6RDHBA1YDDoI1I8mI7wrWcAe3Y73xxKTiYfAIScTaPukFvMspAU11zOu8kzp9AqnjhsJTia9T+pxlHfscO14ISqdl8r2TdcyiVbImgReBPQPFSsE5exlVkmrHHOqJNPZZAFQQpVq2FUE7JRI4FSzLO7FiEaED0mMtDQPiM9VOJzdm+EQzHu6GUr8A8IT925ESX43305U+gb6a18bkMq0VQ/eqnfIgioEFdPpRNxYYQjw2DHtcMgoi0YBQyfWumPaJJBS0rXltgj1/8iKoX5Tscqn8oN24QdPIoWNUQKfIRpeogu5QFdUQRa/oHX2iL+PN+DCGxve0dMWY9Ryhf2H8/AIZf6jQ</latexit>

{x̂1, . . . , x̂L}

<latexit sha1_base64="FCXfqogRuff8S+lzZVugmqvR/W4=">AAACCHicbVC7TsMwFHXKq5RXgZEBiwqJqUoQKrBVYmEsiD6kJlSO47RWHTuyHaQqysjCr7AwgBArn8DG3+C0GaDlSJaPzj1X997jx4wqbdvfVmlpeWV1rbxe2djc2t6p7u51lEgkJm0smJA9HynCKCdtTTUjvVgSFPmMdP3xVV7vPhCpqOB3ehITL0JDTkOKkTbSoHro+oIFahKZL8XZwHEpdyOkR76f3mb3xlGz6/YUcJE4BamBAq1B9csNBE4iwjVmSKm+Y8faS5HUFDOSVdxEkRjhMRqSvqEcRUR56fSQDB4bJYChkOZxDafq744URSrf1TjzHdV8LRf/q/UTHV54KeVxognHs0FhwqAWME8FBlQSrNnEEIQlNbtCPEISYW2yq5gQnPmTF0nntO406o2bs1rzsoijDA7AETgBDjgHTXANWqANMHgEz+AVvFlP1ov1bn3MrCWr6NkHf2B9/gDLS5p0</latexit>

c1 2 Rn

decoder

bits
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k

<latexit sha1_base64="1f3rn0sAsiVP0illTJNFCW0lb+w="></latexit>

y =
X

`2[L]

c` + " 2 Rn
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Linear scaling regime:                   with     fixed.

Given    , what is minimum             required to achieve a target error rate?
<latexit sha1_base64="IwEcQsiflyC85DanJNRT0eXRWzM=">AAAB7nicbVDLSsNAFL2pr1pfVZduhhZBEGrSRXVZFMGVVLAPaEOYTCft0MkkzEyEEPoRgrhQxK3f465/4/Sx0NYDFw7n3Mu99/gxZ0rb9sTKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHN1G8/UalYJB51GlM3xAPBAkawNlL71vMv7j3bK5btij0DWiXOgpTrpd75y6SeNrzid68fkSSkQhOOleo6dqzdDEvNCKfjQi9RNMZkhAe0a6jAIVVuNjt3jE6N0kdBJE0JjWbq74kMh0qloW86Q6yHatmbiv953UQHV27GRJxoKsh8UZBwpCM0/R31maRE89QQTCQztyIyxBITbRIqmBCc5ZdXSatacWqV2oNJ4xrmyMMJlOAMHLiEOtxBA5pAYATP8AbvVmy9Wh/W57w1Zy1mjuEPrK8fVheR6A==</latexit>

Eb/N0

<latexit sha1_base64="X41Vs96gq+eWTqGWp+N2pT3gtmo="></latexit>

L, n ! 1
<latexit sha1_base64="sPupmGXWqYrzwHlFgAuNKoD33CE="></latexit>

µ := L/n
<latexit sha1_base64="sPupmGXWqYrzwHlFgAuNKoD33CE="></latexit>

µ := L/n

<latexit sha1_base64="S0zupFGvuqHU/yvjbU4Pj3LlorA="></latexit>

PUPE =
1

L

LX

`=1

P
�
x̂` 6= x`

�
<latexit sha1_base64="2tspXdL2aHxbVOZfPVs6hddUelc="></latexit>

Pee.g.

[Chen, Chen, Guo, '17], [Ravi, Koch '19], [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], 
[Polyanskiy, Kowshik '20]

Many-user setting

• fixed user payload bits
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k

• energy-per-bit constraint:
<latexit sha1_base64="DRObb24EL6eHQ2wSTDQ4G5L98tU="></latexit>

kc`k22  E := Ebk

• user density
<latexit sha1_base64="sPupmGXWqYrzwHlFgAuNKoD33CE="></latexit>

µ := L/n

• users have distinct codebooks



What can be achieved without memory or computational constraints? 

random Gaussian codebooks + maximum-likelihood decoding

Previous work [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], [Polyanskiy, Kowshik '20]

What can be achieved with efficient coding schemes?  

random linear coding + Approximate Message Passing (AMP) decoding

This talk [Hsieh, Rush, Venkataramanan '22], [Liu, Hsieh, Venkataramanan '24]

3/13
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Small user payload            bits,

<latexit sha1_base64="b0Pb01w5LMrna6Ccu/azbY0jnpg="></latexit>

Pe  10�4

<latexit sha1_base64="HI69MFRAlp4MCqlRoJOnssxCT5g="></latexit>

k = 8

target
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achievable

impossible 

random Gaussian codebooks + ML decoding[Zadik, Polyanskiy, Thrampoulidis '19]

Small user payload            bits,

<latexit sha1_base64="b0Pb01w5LMrna6Ccu/azbY0jnpg="></latexit>

Pe  10�4

<latexit sha1_base64="HI69MFRAlp4MCqlRoJOnssxCT5g="></latexit>

k = 8

target
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achievable

impossible 

random Gaussian codebooks + ML decoding[Zadik, Polyanskiy, Thrampoulidis '19]

[Hsieh, Rush, Venkataramanan '22]
sparse linear regression codes + AMP decoding
(memory and computational costs both          )

<latexit sha1_base64="OICgaCyLCI/efTQ91rJM8zUPFVQ="></latexit>

/ 2k

Small user payload            bits,

<latexit sha1_base64="b0Pb01w5LMrna6Ccu/azbY0jnpg="></latexit>

Pe  10�4

<latexit sha1_base64="HI69MFRAlp4MCqlRoJOnssxCT5g="></latexit>

k = 8

target
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Large user payload                bits,

<latexit sha1_base64="U+wsTJCjF5EPJZr81iDdZcq/V+E="></latexit>

k = 240
<latexit sha1_base64="b0Pb01w5LMrna6Ccu/azbY0jnpg="></latexit>

Pe  10�4target
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Large user payload                bits,

<latexit sha1_base64="U+wsTJCjF5EPJZr81iDdZcq/V+E="></latexit>

k = 240
<latexit sha1_base64="b0Pb01w5LMrna6Ccu/azbY0jnpg="></latexit>

Pe  10�4target

impossible 

achievable

[Liu, Hsieh, 
Venkataramanan '24]

[Zadik, Polyanskiy, Thrampoulidis '19]
[Hsieh, Rush, Venkataramanan '22] sparse linear regression codes + AMP decoding

random Gaussian codebooks + ML decoding



Random binary-CDMA + outer code

6/13
memory and computational costs linear in  

<latexit sha1_base64="T7SA/V9l9nBICVylqH7/QSYEkJ0="></latexit>

k

# channel uses
<latexit sha1_base64="o08EN1Q8VOK960WRUSsxXihQYG8=">AAAB8nicbZDLSsNAFIYn9VbjrerSTbAIrkrioropFt24rGAvkIYymUzaoZOZMHMilNDHcONCkW59D/duxLdxello6w8DH/9/DnPOCVPONLjut1VYW9/Y3Cpu2zu7e/sHpcOjlpaZIrRJJJeqE2JNORO0CQw47aSK4iTktB0Ob6d5+5EqzaR4gFFKgwT3BYsZwWAsX9S6wHhEczHulcpuxZ3JWQVvAeXrD7uWTr7sRq/02Y0kyRIqgHCste+5KQQ5VsAIp2O7m2maYjLEfeobFDihOshnI4+dM+NETiyVeQKcmfu7I8eJ1qMkNJUJhoFezqbmf5mfQXwV5EykGVBB5h/FGXdAOtP9nYgpSoCPDGCimJnVIQOsMAFzJdscwVteeRVaFxWvWqneu+X6DZqriE7QKTpHHrpEdXSHGqiJCJLoCb2gVwusZ+vNmsxLC9ai5xj9kfX+A+ralK8=</latexit>

n = ñ
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
. . .

user 1 user ` user L

A : a1 a` aL

bipolar symbols
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="SYBE8rSxET/FkLOm4U43L+ZpJbo=">AAAB+3icdVBNS8NAEN3Ur1q/aj16WVoEQShJbWtzK4rgsYJthSaUzXbbLt1s4u5GDCH/wrMXD4p49Y94679x2yqo6IOBx3szzMzzQkalMs2pkVlaXlldy67nNja3tnfyu4WODCKBSRsHLBDXHpKEUU7aiipGrkNBkO8x0vUmZzO/e0uEpAG/UnFIXB+NOB1SjJSW+vmCQ7mTOKHvyBuhkvPUSfv5klm2G7VatQLNsmna1dqxJrZtWw0LWlqZodQsOkf302bc6uffnUGAI59whRmSsmeZoXITJBTFjKQ5J5IkRHiCRqSnKUc+kW4yvz2FB1oZwGEgdHEF5+r3iQT5Usa+pzt9pMbytzcT//J6kRo23ITyMFKE48WiYcSgCuAsCDiggmDFYk0QFlTfCvEYCYSVjiunQ/j6FP5POpWyVS/XL3Uap2CBLNgHRXAILHACmuACtEAbYHAHHsATeDZS49F4MV4XrRnjc2YP/IDx9gFanphP</latexit>

2 {±
p
E}

<latexit sha1_base64="TMGi0nzn6qliOdIL015+ze4sJpo=">AAAB8XicbZC7SgNBFIZn4y2ut6ilzWIQrMKuRbQRgzaWEcwFkyXMzp4kQ2Znl5mzQljyFjYWimjpg9jbiG/j5FJo4g8DH/9/DnPOCRLBNbrut5VbWl5ZXcuv2xubW9s7hd29uo5TxaDGYhGrZkA1CC6hhhwFNBMFNAoENILB1Thv3IPSPJa3OEzAj2hP8i5nFI11Z7eRixAyOeoUim7JnchZBG8GxYsP+zx5+7KrncJnO4xZGoFEJqjWLc9N0M+oQs4EjOx2qiGhbEB70DIoaQTazyYTj5wj44RON1bmSXQm7u+OjEZaD6PAVEYU+3o+G5v/Za0Uu2d+xmWSIkg2/aibCgdjZ7y+E3IFDMXQAGWKm1kd1qeKMjRHss0RvPmVF6F+UvLKpfKNW6xckqny5IAckmPikVNSIdekSmqEEUkeyBN5trT1aL1Yr9PSnDXr2Sd/ZL3/AMu6lAQ=</latexit>

ñ
X

x1

x`

·
·
·

xL

For each user            :
<latexit sha1_base64="lmss6Pef5fXlSUngg2OuOf0bmFY=">AAAB8XicbVDLSsNAFL2pr1pfVZduhhZBEEriorosunHhooJ9YBLKZDpph04mYWYihNC/6MaFIm79G3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zuZn7nhUrFYvGks4T6ER4IFjKCtZGePcq5x4T74PfKVbtmz4HWibMk1UbFu5xMG1mzV/72+jFJIyo04Vgp17ET7edYakY4HZe8VNEEkxEeUNdQgSOq/Hx+8RidG6WPwliaEhrN1d8TOY6UyqLAdEZYD9WqNxP/89xUhzd+zkSSairIYlGYcqRjNHsf9ZmkRPPMEEwkM7ciMsQSE21CKpkQnNWX10n7qubUa/VHk8YtLFCEM6jABThwDQ24hya0gICACbzBu6WsV+vD+ly0FqzlzCn8gfX1A3Qlk8Q=</latexit>

` 2 [L]

• Random signature sequence:
<latexit sha1_base64="rScVfR9GziYQzUmOfNutC6cwb4A=">AAACFnicbVC7TsMwFHV4lvIKILGwWCAkFqqEARhRWRhbRKFSUyrHuWmtOk5kO0hVlK9g4Sf4ABYGHmJFbCx8C07bAQpXsnx0zr265x4/4Uxpx/m0pqZnZufmSwvlxaXllVV7bf1Sxamk0KAxj2XTJwo4E9DQTHNoJhJI5HO48vunhX51A1KxWFzoQQLtiHQFCxkl2lAde9/zYx6oQWS+jOQdDzj3mMBeRHTP97Pz/DrzNOMBZCLPO/aOU3GGhf8Cdwx2TjbrX+y++lLr2B9eENM0AqEpJ0q1XCfR7YxIzSiHvOylChJC+6QLLQMFiUC1s+FZOd41TIDDWJonNB6yPycyEqnCueks3KpJrSD/01qpDo/bGRNJqkHQ0aIw5VjHuMgIB0wC1XxgAKGSGa+Y9ogkVJskyyYEd/Lkv+DyoOIeVg7rJo0qGlUJbaFttIdcdIRO0BmqoQai6BY9oCf0bN1Zj9ar9TZqnbLGMxvoV1nv33nHpIo=</latexit>

a` 2 Rñ

• Outer           linear code:    bits payload encoded in
<latexit sha1_base64="sMe/aqSXotLm78f1YdtpGbwiCAY="></latexit>

k
<latexit sha1_base64="8L4gjQ+VXiY3bhYMuWcS59Lq4tg="></latexit>

(k, d)
<latexit sha1_base64="LGhEMFQKdH2r+fsUfenQOSr6aaY="></latexit>

x` 2 {±
p
E}d ⇠ px̄

Channel output:
<latexit sha1_base64="v8CXOlTl0GV2XunzF+n1GJ5tyTs="></latexit>

Y =
P

`2[L] a`x` + E = AX + E 2 Rñ⇥
<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d

e.g. LDPC



•      estimates      from observation in Gaussian noise<latexit sha1_base64="DihFkyovOY1gsTAUKGdRaP6aWss=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hqW5tb0YvHCrYV2lA22027dpMNuxOhlP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFySCa3CcDyu3srq2vpHfLGxt7+zuFfcP2lqmirIWlUKq24BoJnjMWsBBsNtEMRIFgnWC8WXmd+6Z0lzGNzBJmB+RYcxDTgkYqd1jQPrQL5Yc26tXq5UydmzH8SrVM0M8z3PrLnaNkqGElmj2i++9gaRpxGKggmjddZ0E/ClRwKlgs0Iv1SwhdEyGrGtoTCKm/en82hk+McoAh1KZigHP1e8TUxJpPYkC0xkRGOnfXib+5XVTCOv+lMdJCiymi0VhKjBInL2OB1wxCmJiCKGKm1sxHRFFKJiACiaEr0/x/6Rdtt2aXbuulBoXyzjy6Agdo1PkonPUQFeoiVqIojv0gJ7QsyWtR+vFel205qzlzCH6AevtEx1zj4U=</latexit>⌘t
<latexit sha1_base64="1JwuuY5wQglBTLldpcwTeO9TXLo=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+4B2LJlMpg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8k/udR6o0k+LeTBLqx3goWMQINlZ66AeSh3oS2yvrTgeVqltzZ0DLxCtIFQo0B5WvfihJGlNhCMda9zw3MX6GlWGE02m5n2qaYDLGQ9qzVOCYaj+bpZ6iU6uEKJLKHmHQTP29keFY59HsZIzNSC96ufif10tNdOVnTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNrnNa9eq99dVBvXRR0lOIYTOAMPLqEBt9CEFhBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wcmPpL0</latexit>

X can be 
deterministically 

computed

7/13

Given                         and     , recover
<latexit sha1_base64="oRxwcl2/YOpiFLp2tczB/85DsxQ=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguiwMJYJPqQ2lA5jtNadZzIdkBV1P9gYeAhVj6DnQXxN7iPAVqOZPnonHvl4+MnnCntON9WbmFxaXklv2qvrW9sbhW2d+oqTiWhNRLzWDZ9rChngtY005w2E0lx5HPa8PuXI79xR6VisbjRg4R6Ee4KFjKCtZFu237MAzWIzJWdDzuFolNyxkDzxJ2S4tmHfZq8fNnVTuGzHcQkjajQhGOlWq6TaC/DUjPC6dBup4ommPRxl7YMFTiiysvGqYfowCgBCmNpjtBorP7eyHCkRtHMZIR1T816I/E/r5Xq8MTLmEhSTQWZPBSmHOkYjSpAAZOUaD4wBBPJTFZEelhiok1RtinBnf3yPKkfldxyqXztFCsXMEEe9mAfDsGFY6jAFVShBgQkPMATPFv31qP1ar1NRnPWdGcX/sB6/wFi0pYa</latexit>

A
<latexit sha1_base64="oV3t+Q0NH/LoAvcUYvSeq4D3UOw="></latexit>

X
<latexit sha1_base64="QbKpZ+QvS6JOL97JR35+DCpc1cI="></latexit>

Y = AX + E 2 Rñ⇥d

AMP decoder for i.i.d. Gaussian <latexit sha1_base64="oRxwcl2/YOpiFLp2tczB/85DsxQ=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguiwMJYJPqQ2lA5jtNadZzIdkBV1P9gYeAhVj6DnQXxN7iPAVqOZPnonHvl4+MnnCntON9WbmFxaXklv2qvrW9sbhW2d+oqTiWhNRLzWDZ9rChngtY005w2E0lx5HPa8PuXI79xR6VisbjRg4R6Ee4KFjKCtZFu237MAzWIzJWdDzuFolNyxkDzxJ2S4tmHfZq8fNnVTuGzHcQkjajQhGOlWq6TaC/DUjPC6dBup4ommPRxl7YMFTiiysvGqYfowCgBCmNpjtBorP7eyHCkRtHMZIR1T816I/E/r5Xq8MTLmEhSTQWZPBSmHOkYjSpAAZOUaD4wBBPJTFZEelhiok1RtinBnf3yPKkfldxyqXztFCsXMEEe9mAfDsGFY6jAFVShBgQkPMATPFv31qP1ar1NRnPWdGcX/sB6/wFi0pYa</latexit>

A

• debias term ensures empirical dist. of rows of                
<latexit sha1_base64="HIAocLytvzVylkE0KNO2oxufFZ8="></latexit>

! N (0,⌃t)

debias term

<latexit sha1_base64="fEnEUfhMc62vxQ0b6m4dQcHqz3Y="></latexit>

(St �X)
d
= gt ⇠ N (0,⌃t)

•                        is Lipschitz and applies row-wise to matrix inputs
<latexit sha1_base64="SS4SREJ6dlGOgVQevYyZsevP1RY="></latexit>

⌘t : Rd ! Rd

End with hard-decision estimate
<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)

Start with initialiser              , for 
<latexit sha1_base64="62Uvya5OThRnsDbLcBTCUcbPrV4=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoWxSPQhtaFyHKe16tiR7SBVUUYWfoWFAYRY+QQ2/ganzVBajmT56Jx7de89fsyo0o7zYy0tr6yurZc2yptb2zu79t5+S4lEYtLEggnZ8ZEijHLS1FQz0oklQZHPSNsf3eR++5FIRQW/1+OYeBEacBpSjLSR+vZRzxcsUOPIfGkne3CuZgUn69sVp+pMABeJW5AKKNDo29+9QOAkIlxjhpTquk6svRRJTTEjWbmXKBIjPEID0jWUo4goL50cksETowQwFNI8ruFEne1IUaTy1UxlhPRQzXu5+J/XTXR46aWUx4kmHE8HhQmDWsA8FRhQSbBmY0MQltTsCvEQSYS1ya5sQnDnT14krbOqW6vW7s4r9esijhI4BMfgFLjgAtTBLWiAJsDgCbyAN/BuPVuv1of1OS1dsoqeA/AH1tcvjw+aVQ==</latexit>

X0 = 0
<latexit sha1_base64="joTObCQ6+qKdaHRTZYPyqYEVc38=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilFvaGnHj9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AN2njq4=</latexit>

t � 1
<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt



Theorem [Liu, Hsieh, Venkataramanan '24]

Asymp. bit error rate (BER)

For                            , let                   be Lipschitz, then
Asymp. user error rate (UER)

<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.
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Theorem [Liu, Hsieh, Venkataramanan '24]

deterministic 
quantities

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.

Asymp. user error rate (UER)

Asymp. bit error rate (BER)

For                            , let                   be Lipschitz, then
<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

•                       uniformly distributed among      codewords
•                                  independent of <latexit sha1_base64="DdIW7gs1lcgtuBBobRQu8EJzwrM="></latexit>

x̄

<latexit sha1_base64="ALekDLFBuV0kFIyC7tRNdjICf9U="></latexit>

2k
<latexit sha1_base64="zbodPlfCn5FU6SWEE4FlNf4huok="></latexit>

x̄ 2 {±
p
E}d

<latexit sha1_base64="17kclLUtYKlGHi4uUyFukbegSto="></latexit>

gt 2 Rd ⇠ N (0,⌃t)

8/13

<latexit sha1_base64="UxWZgGktqam/1PUtoBjFFfdlEDc="></latexit>

0



How to choose denoiser                       ?
<latexit sha1_base64="SS4SREJ6dlGOgVQevYyZsevP1RY="></latexit>

⌘t : Rd ! Rd

• Bayes-optimal
<latexit sha1_base64="xml0I5Fs4ydQRT/riXHLHVsoAtY="></latexit>

xt+1
` =⌘t(s

t
`) = E

⇥
x̄ | x̄+ gt = st`

⇤

<latexit sha1_base64="Mn4g7pnasOLCxuDbCalJlo1YBrg="></latexit>

=
X

x0

x0 ·
exp

�
� 1

2 (x
0 � 2st`)

>(⌃t)�1x0�
P

x̃0 exp
�
� 1

2 (x̃
0 � 2st`)

>(⌃t)�1x̃0�

• marginal-MMSE

<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="2WvxggpqNCYBM4MSPZPZ6XPef+o="></latexit>

=

2

64
E[x̄1 | x̄1 + gt1 = st`,1]

...
E[x̄d | x̄d + gtd = st`,d]

3

75

computational cost

• Belief Propagation (BP)

<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="4m1f34YKlYNnem6J5x32l4jOVAQ="></latexit>

⇡

2

64
E[x̄1 | x̄1 + gt1 = st`,1 , parities involving x̄1 satisfied]

...
E[x̄d | x̄d + gtd = st`,d , parities involving x̄d satisfied]

3

75

[Amalladine et al. '22], [Ebert et al. '23]
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<latexit sha1_base64="IbwZJ/MCbW+WYLMsswRSqrUOFFQ="></latexit>

O(2kd3)

<latexit sha1_base64="iMUWEgii+WeVl3N+vcgvV2C01Os="></latexit>

O(d)

<latexit sha1_base64="iMUWEgii+WeVl3N+vcgvV2C01Os="></latexit>

O(d)



Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

variable 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
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variable 
nodes

check 
nodes

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d

10/13



<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
check 
nodes

10/13



<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

2. Middle rounds:<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

check 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

2. Middle rounds:<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

check 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
check 
nodes

approx. marginal 
posterior probabilities

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j
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<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
check 
nodes

<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

approx. marginal 
posterior probabilities

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

Jacobian      has closed form 
expression 

when     < girth of bipartite graph!
[Amalladine et al. '22], [Ebert et al. '23]

<latexit sha1_base64="El4oI89s/dC3MHHxUhAVf6dznWc="></latexit>

⌘0t

<latexit sha1_base64="jN58eZHfNhp1p7X/YJQEmVoI54k="></latexit>

R
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<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

<latexit sha1_base64="iSSw0VEaZknOoQNaUBe4fjf9MsQ="></latexit>

L(R)
i!j

variable 
nodes

<latexit sha1_base64="0eEm7rAG9ftbyCKzJhBwryvhFwo="></latexit>

d
<latexit sha1_base64="uAX2/lQ2sTIoQs24fobtElgsBwA="></latexit>

k � d
check 
nodes

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

approx. marginal 
posterior probabilities

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

Jacobian      has closed form 
expression 

when     < girth of bipartite graph!
[Amalladine et al. '22], [Ebert et al. '23]

<latexit sha1_base64="El4oI89s/dC3MHHxUhAVf6dznWc="></latexit>

⌘0t

<latexit sha1_base64="jN58eZHfNhp1p7X/YJQEmVoI54k="></latexit>

R
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Theorem

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

[Liu, Hsieh, Venkataramanan '24]

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.

For                            , let                   be Lipschitz, then
<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

Applies to AMP with BP denoiser!

<latexit sha1_base64="mq9XzCn5c+AfaO45oNlf6mzfI9M="></latexit>

lim
L!1

UER :=

<latexit sha1_base64="rk/wg1nX0cbcHPd1dM54vMFYLMI="></latexit>

lim
L!1

BER :=
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payload 360 bits, target 

Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Sp
ec

tra
l e

ffi
ci

en
cy

 S

<latexit sha1_base64="EZxBLgl+xnDC6oCVuKFmyx1/kE0="></latexit>

Eb/N0 (dB)

<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4
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[Zadik, Polyanskiy, Thrampoulidis '19]

payload 360 bits, target 
<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4

Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Sp
ec

tra
l e

ffi
ci

en
cy

 S

<latexit sha1_base64="EZxBLgl+xnDC6oCVuKFmyx1/kE0="></latexit>

Eb/N0 (dB)
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[Zadik, Polyanskiy, Thrampoulidis '19]

payload 360 bits, target 

uncoded

Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Sp
ec

tra
l e

ffi
ci

en
cy

 S

<latexit sha1_base64="EZxBLgl+xnDC6oCVuKFmyx1/kE0="></latexit>

Eb/N0 (dB)

12/13

<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4



Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

BP denoiser

marginal-MMSE 
denoiser

[Zadik, Polyanskiy, Thrampoulidis '19]
[Liu, Hsieh, Venkataramanan '24]

payload 360 bits, target 
<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4

uncoded
Sp

ec
tra

l e
ffi

ci
en

cy
 S

<latexit sha1_base64="EZxBLgl+xnDC6oCVuKFmyx1/kE0="></latexit>

Eb/N0 (dB)
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payload 360 bits, target 
<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4

BP denoiser

marginal-MMSE 
denoiser

[Zadik, Polyanskiy, Thrampoulidis '19]
[Liu, Hsieh, Venkataramanan '24]

uncoded

Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Sp
ec

tra
l e

ffi
ci

en
cy

 S

<latexit sha1_base64="EZxBLgl+xnDC6oCVuKFmyx1/kE0="></latexit>

Eb/N0 (dB)
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payload 360 bits, target 
<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4

BP denoiser

marginal-MMSE 
denoiser

[Zadik, Polyanskiy, Thrampoulidis '19]
[Liu, Hsieh, Venkataramanan '24]

uncoded

~

Spectral efficiency: total # bits / total # channel uses
<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Sp
ec

tra
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BP denoiser

marginal-MMSE 
denoiser

payload 360 bits, target 
<latexit sha1_base64="Hq/BKGvMDGAg9JMqEaY8knLOTcw="></latexit>

BER  10�4

[Hsieh, Rush, 
Venkataramanan '22]

[Zadik, Polyanskiy, Thrampoulidis '19]
[Liu, Hsieh, Venkataramanan '24]
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Spectral efficiency: total # bits / total # channel uses
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SC Gaussian 
design

<latexit sha1_base64="GqT9GhQv9jPjcbM3ZaeaQzY0n+E="></latexit>
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Summary

• Exact asymptotic error guarantees

random binary-CDMA with outer code + AMP decoding with BP denoiser

<latexit sha1_base64="M6RvyF7sogE2zeqBytEkz4Mys5g="></latexit>

k• State-of-the-art error rates for larger payloads    via 

•Memory and computational costs linear in payload
<latexit sha1_base64="ka/LSjHlyZMmsKzhz7G1Tax8MfA="></latexit>

k

Many-user Gaussian multiple-accessMany-user Gaussian multiple-access

• Key future direction: extension to unsourced multiple access
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