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Bandit Convex Optimization (BCO)

• Adversary fixes convex loss functions f1, f2, . . . , fT : Rd → R
• For t ↑ 1, learner

• Selects action x t from continuous (convex & compact) arm set ! ↓ Rd

• Incurs loss ft(x t), observes bandit feedback with noise ωt

ft(x t) + ωt

• Regret against comparators u1:T = {u1, . . . ,uT} chosen by adversary:

R(T ,u1:T ) := E
[

T∑

t=1

ft(x t)↔
T∑

t=1

ft(ut)

]

• Static regret:

max
u1:T :u1=···=uT

R(T ,u1:T ) = E
[

T∑

t=1

ft(x t)↔min
u→!

T∑

t=1

ft(u)

]

• Non-stationary regrets?
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Non-stationary regrets

Focus on switching regret:

Rswi
(T , S) = max

u1:T :S(u1:T )↑S

R(T ,u1:T ), where S(u1:T ) := 1 +

T∑

t=2

1{ut ↗= ut↓1}

Example:

t

ut

0 2 4 6 8 T = 10

Reduction to adaptive regret:

Rada
(B,T ) = max

p,q→[T ]
0<q↓p↑B

max
u→!

q∑

t=p

E[ft(x t)↔ ft(u)] .
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Main results & related work

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2
→
ST

→
d S

1
4T

3
4

Strongly convex (SC) d
→
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Instantiates design principles
• Adaptive to curvature ω
• Poly-time

Underline: minimax-optimal rates. [Liu et al., 2025]
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Main results & related work

• Unified treatment for non-stationary Bandit Convex Optimization (BCO); previous work handled
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Main results & related work

ExO: choose surrogate loss
and exploratory distribution
by optimizing worst-case
bias-variance tradeo!

[Lattimore and Gyorgy, 2021]

clipping: to
enforce exploration

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2
→
ST

→
d S

1
4T

3
4

Strongly convex (SC) d
→
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Instantiates design principles
• Adaptive to curvature ω
• Poly-time

Underline: minimax-optimal rates. [Liu et al., 2025] 4 / 11



Main results & related work

ExO: choose surrogate loss
and exploratory distribution
by optimizing worst-case
bias-variance tradeo!

[Lattimore and Gyorgy, 2021]
clipping: to

enforce exploration

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2
→
ST

→
d S

1
4T

3
4

Strongly convex (SC) d
→
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Instantiates design principles
• Adaptive to curvature ω
• Poly-time

Underline: minimax-optimal rates. [Liu et al., 2025] 4 / 11



Main results & related work

ExO: choose surrogate loss
and exploratory distribution
by optimizing worst-case
bias-variance tradeo!

[Lattimore and Gyorgy, 2021]
clipping: to

enforce exploration

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2
→
ST

→
d S

1
4T

3
4

Strongly convex (SC) d
→
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Instantiates design principles
• Adaptive to curvature ω
• Poly-time

Underline: minimax-optimal rates. [Liu et al., 2025] 4 / 11



Main results & related work

ExO: choose surrogate loss
and exploratory distribution
by optimizing worst-case
bias-variance tradeo!

[Lattimore and Gyorgy, 2021]
clipping: to

enforce exploration

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2
→
ST

→
d S

1
4T

3
4

Strongly convex (SC) d
→
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Instantiates design principles
• Adaptive to curvature ω
• Poly-time

Underline: minimax-optimal rates. [Liu et al., 2025] 4 / 11



5 / 11



Comparator ut

t
0 2 4 6 8 T = 10

5 / 11



Comparator ut

t

Experts

t
0 2 4 6 8 T = 10

len-1

len-2

len-4

Geometric Covering intervals
[Daniely et al., 2015]
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Sleeping experts (full-information)

for t = 1, 2, . . . ,T do

Let {E1, . . . ,Ent} be the active experts at t with Ei ↓ Ei (Ii ).

for i = 1, 2, . . . , nt do
Expert Ei outputs action x t,Ii

end for

Play action using exponential-weights (EW):

x t =
nt∑

i=1

e→Lt→1,Ii

∑
nt

j=1 e
→Lt→1,Ij

x t,Ii

Observe entire loss function ft(·)
for i = 1, 2, . . . , nt do

Send ft(·) to Ei

Increment cumulative loss Lt,Ii = Lt→1,Ii + ft(x t,Ii )
end for

end for

∑

t↑I

(
ft(x t)↔ ft(u)

)
=

∑

t↑I

(
ft(x t)↔ ft(x t,I )

)

︸ ︷︷ ︸
meta-regret

+
∑

t↑I

(
ft(x t,I )↔ ft(u)

)

︸ ︷︷ ︸
expert-regret

=↗ Rada(B,T ) ↭
{→

B (GC)
1
ω log B (SC)

.

[Daniely et al., 2015, Jun et al., 2017, Zhang et al., 2018b]
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From full-information to bandit feedback

[Flaxman et al., 2005, Kleinberg, 2004]
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x t = x̃ t + hω
t
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Designing surrogate loss ωt(·)
• Linear loss εt(x) = ↔g↔

t (x̃ t ↔ x)

↫ Rada
(B,T ) ↭

↘
B in OCO [Wang et al., 2018]

↫ expert-regret for EI ↭
√

|I | ≃ Rada
(B,T ) ↭ B in BCO

• Inspired by [Chernov and Vovk, 2009, van Erven et al., 2021, Wang et al., 2020, Zhang et al., 2021],

propose quadratic surrogate loss

εωt (x) = ↔ϑg↔
t (x̃ t ↔ x) + ϑ2G 2⇐x̃ t ↔ x⇐2, ⇒x ⇑ Rd
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(i) Absorbs the variance of g

t

(ii) Together with ϖ, adapts to
unknown curvature ω
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Main results: Tilted-EW Average with Sleeping Experts (TEWA-SE)

Theorem (informal) [Liu et al., 2025]

For any T ⇑ N+
and B ⇑ [T ], TEWA-SE with h =

↘
dB↓ 1

4 & geometric grid for ϑ, satisfies

Rada
(B,T ) ↭

↘
dB

3
4 ,

and if ft is ϖ-strongly-convex with argminx→Rd ft(x) ⇑ ! for all t ⇑ [T ], it furthermore holds that

Rada
(B,T ) ↭ d

ε

↘
B.

Corollary

For known S , setting B =
T

S
yields

Rswi
(T , S) ↭

{↘
dS

1
4T

3
4 (GC)

d
↘
ST (SC)

Underline: minimax-optimal rates.
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Towards parameter-free guarantees (e.g., unknown S)

• Bandit-over-Bandit wrapper to hedge unknown S yields suboptimal Rswi
(T , S)

[Liu et al., 2025]

• Links to coin betting:

• Coin-betting with KT potential yields optimal parameter-free Rswi
(T , S) for OCO

[Jun et al., 2017, Orabona and Pál, 2016]
• TEWA as a coin-betting scheme with the log-sum-exp potential for BCO
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Summary & discussions

Algorithm
clipped Exploration by

Optimization (cExO)

Tilted-EW Average with

Sleeping Experts (TEWA-SE)

General convex (GC)
d

5
2

↘
ST

↘
d S

1
4T

3
4

Strongly convex (SC) d
↘
ST

Features

• Conceptual design
• Minimax-optimal in S ,T
• Not poly-time computable

• Adaptive to curvature ω
• Optimal in S ,T for SC losses
• Poly-time
• Natural betting interpretation

Future directions: Towards minimax-optimal, e”cient, parameter-free algorithms.

• Combine TEWA-SE with coin betting [Jun et al., 2017]?

• Leverage second-order information like online Newton methods from

[Fokkema et al., 2024, Suggala et al., 2024] that achieve state-of-the-art
↘
T static regrets?
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