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Motivating examples

Community detection
• Protein interaction data

Sparse and low-rank matrices arise in a variety of applications

Expression levels of genes

Clustered 
cancer types:

Bi-clustering 
• Gene expression microarray data
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Matrix sketching problem

Data matrix

Recover

<latexit sha1_base64="J4LEvm0EnsdQtAz+t2a5NqUY1dk="></latexit>

y = A(X)

: Pre-determined 
sketching operator

<latexit sha1_base64="mbu++aH05CNIdbXt/2Rm29RvyIQ="></latexit>

A Rank-
<latexit sha1_base64="sX9quw34h6GzaJ+972/oYj7vt3w="></latexit>

X =
rX

i=1

�iuiv
T
i 2 Rn⇥n

<latexit sha1_base64="93lKP7cGGktWP22utoih3c5d6M8="></latexit>

k
<latexit sha1_base64="dbpYndTE92yCARSU755jlZHpfzU="></latexit>

{ui,vi} -sparse

<latexit sha1_base64="FcnO00ltZmQpGirx+m38UUvZGKI="></latexit>r

<latexit sha1_base64="VLn255XAfdpKgz2evPUsQTAbObw="></latexit>

X 2 Rn1⇥n2
<latexit sha1_base64="GnNWHXyZqO+59L5zWXXkao5ltkM="></latexit>

y 2 RmSketch vector
<latexit sha1_base64="lttD/abDeWz2hYFazXIrrRB5cp8="></latexit>

m ⌧ n1, n2

Goal of this work: 
Design a good sketching operator     & an efficient algorithm to 
recover               from the sketch      

<latexit sha1_base64="mbu++aH05CNIdbXt/2Rm29RvyIQ="></latexit>

A
<latexit sha1_base64="dbpYndTE92yCARSU755jlZHpfzU="></latexit>

{ui,vi}
<latexit sha1_base64="Xgkb9JtZzx9AbGMBipRZQ9BFnKg="></latexit>y
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Related work

Compressed sensing:
• Sketching operator adapted from 

Goal of this work: 
• Design a good sketching operator      & an efficient algorithm to recover                         

from the sketch      
• Sample complexity & running time           

(near optimal compared to degrees of freedom)  

<latexit sha1_base64="w76CZrIGTV5Wem5V7CTdnIhEfAc="></latexit>

/ k

<latexit sha1_base64="dbpYndTE92yCARSU755jlZHpfzU="></latexit>

{ui,vi}

<latexit sha1_base64="ou2rZGV11eXqceyXf/eb3CUvoDk="></latexit>

A
<latexit sha1_base64="nPGggdAaK3j28faAJerNLzQPzcI="></latexit>

y = A(X)

<latexit sha1_base64="93lKP7cGGktWP22utoih3c5d6M8="></latexit>

k
<latexit sha1_base64="dbpYndTE92yCARSU755jlZHpfzU="></latexit>

{ui,vi} -sparse
Rank- <latexit sha1_base64="FcnO00ltZmQpGirx+m38UUvZGKI="></latexit>r

<latexit sha1_base64="VLn255XAfdpKgz2evPUsQTAbObw="></latexit>

X 2 Rn1⇥n2

Sketching low-rank and sparse matrices:
• Convex optimization-based algorithms: 

• Running time  
• Sample complexity 

<latexit sha1_base64="2UxQ3yUix+aTkkQr5MJtBAzzEJs="></latexit>

/ poly(n1, n2)
<latexit sha1_base64="RiUttX1PHU77TrOehBVS09E8yLw="></latexit>

/ polylog(n1, n2)
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Sketching operator (for symmetric matrices)

Vectorised matrix: 
<latexit sha1_base64="Ustu7t63tfCJXJ4qsqYB0aZjFp0="></latexit>

x 2 Rñ

<latexit sha1_base64="a5+cCk24iU7D1C11tb5LJh7jg5Y="></latexit>

k̃ =

✓
k

2

◆
+ kwith nonzeros

Sketch: 
<latexit sha1_base64="b09fMSDmMOUChLis6fHYudrmAqA="></latexit>

y = Bx 2 C2R

Sketching matrix:
<latexit sha1_base64="q5wta2jd5Pdbknv85YtjigPmL7w="></latexit>

B 2 C2R⇥ñ

<latexit sha1_base64="463X0oaOHFNQv2UBD6Tf1qacxqk="></latexit>

X =
rX

i=1

�iviv
T
i 2 Rn⇥n

<latexit sha1_base64="iad5qwtO0w4kqWwsuXFYjM9BAb8="></latexit>

{vi} -sparse
<latexit sha1_base64="fuHT+Pnp1kaYtiuXUJF7V/qbhz0="></latexit>

k

Rank- <latexit sha1_base64="FcnO00ltZmQpGirx+m38UUvZGKI="></latexit>r
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<latexit sha1_base64="q5wta2jd5Pdbknv85YtjigPmL7w="></latexit>

B 2 C2R⇥ñ = Combines  1) A sparse parity check matrix    
2) A two-row DFT matrix

<latexit sha1_base64="X5wcSfUSfoVRanhaOUDPRv7tm7g="></latexit>

S 2 C2⇥ñ

<latexit sha1_base64="+YOFQnZhVLc0HgGUjd4dZZTTL1g="></latexit>

H 2 {0, 1}R⇥ñ

Example:  

<latexit sha1_base64="HkOP8PQ3m0qjkgX0hzYJE8edp/8="></latexit>

H =

2

666666664

1 1 1 0 1 1

0 0 0 1 1 1

1 0 0 0 0 0

0 1 1 1 0 0

3

777777775

<latexit sha1_base64="zTKhrSOrb/4X5dTA3ExrlAidbXw="></latexit>

ñ = 6, R = 4

2 ones in each column

<latexit sha1_base64="wI77g1kVUl/kAMYs7v3zpkQZNNU="></latexit>

W = exp

✓
2⇡i

6

◆

<latexit sha1_base64="fLrJ7pI9StwNUgzpGdEgrpuDcNk="></latexit>

S =


1 1 . . . 1
1 W . . . W 5

�
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# entries in <latexit sha1_base64="OUTvciOs8xpxzO3AwUH1/3V0Olk="></latexit>x



Example:  

<latexit sha1_base64="q5wta2jd5Pdbknv85YtjigPmL7w="></latexit>

B 2 C2R⇥ñ

<latexit sha1_base64="zTKhrSOrb/4X5dTA3ExrlAidbXw="></latexit>

ñ = 6, R = 4

<latexit sha1_base64="wI77g1kVUl/kAMYs7v3zpkQZNNU="></latexit>

W = exp

✓
2⇡i

6

◆

<latexit sha1_base64="fLrJ7pI9StwNUgzpGdEgrpuDcNk="></latexit>

S =


1 1 . . . 1
1 W . . . W 5

�

<latexit sha1_base64="T2h4P3UVdTQ76xqL6WrYXbHce9I="></latexit>

B =

2

66666666664

1 1 1 0 1 1
1 W W 2 0 W 4 W 5

0 0 0 1 1 1
0 0 0 W 3 W 4 W 5

1 0 0 0 0 0
1 0 0 0 0 0
0 1 1 1 0 0
0 W W 2 W 3 0 0

3

77777777775

= Combines  1) A sparse parity check matrix    
2) A two-row DFT matrix

<latexit sha1_base64="X5wcSfUSfoVRanhaOUDPRv7tm7g="></latexit>

S 2 C2⇥ñ

<latexit sha1_base64="+YOFQnZhVLc0HgGUjd4dZZTTL1g="></latexit>

H 2 {0, 1}R⇥ñ
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# entries in <latexit sha1_base64="OUTvciOs8xpxzO3AwUH1/3V0Olk="></latexit>x



Example:  

<latexit sha1_base64="q5wta2jd5Pdbknv85YtjigPmL7w="></latexit>

B 2 C2R⇥ñ

<latexit sha1_base64="zTKhrSOrb/4X5dTA3ExrlAidbXw="></latexit>

ñ = 6, R = 4

<latexit sha1_base64="2GqsS/mQNyHx759YHr33IXRi2JE="></latexit>

B =

2

6666666664

3

7777777775

= Combines  1) A sparse parity check matrix    
2) A two-row DFT matrix

<latexit sha1_base64="X5wcSfUSfoVRanhaOUDPRv7tm7g="></latexit>

S 2 C2⇥ñ

<latexit sha1_base64="+YOFQnZhVLc0HgGUjd4dZZTTL1g="></latexit>

H 2 {0, 1}R⇥ñ
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# entries in <latexit sha1_base64="OUTvciOs8xpxzO3AwUH1/3V0Olk="></latexit>x



Example:  

<latexit sha1_base64="q5wta2jd5Pdbknv85YtjigPmL7w="></latexit>

B 2 C2R⇥ñ

<latexit sha1_base64="+kRbLc6VvoUC341JKctePR6byJ8="></latexit>

ñ = 12, R = 5

= Combines  1) A sparse parity check matrix    
2) A two-row DFT matrix

<latexit sha1_base64="X5wcSfUSfoVRanhaOUDPRv7tm7g="></latexit>

S 2 C2⇥ñ

<latexit sha1_base64="+YOFQnZhVLc0HgGUjd4dZZTTL1g="></latexit>

H 2 {0, 1}R⇥ñ
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# entries in <latexit sha1_base64="OUTvciOs8xpxzO3AwUH1/3V0Olk="></latexit>x



<latexit sha1_base64="lZOZ0mFrWHW3JD4D+0fIQG7I5co="></latexit>

y 2 C2R
<latexit sha1_base64="AAitOp9etDmZwIIFvgHJZ+oEX2o="></latexit>

B 2 C2R⇥ñ

<latexit sha1_base64="4CzflzDEA+xmdFRxHqcrwuxKkI4="></latexit>

x 2 Rñ

Vectorised matrix

pairs of entries

<latexit sha1_base64="xzRTZAnANA6hsMXQII583D1BYDE="> </latexit>

R = 5
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Stage A of the algorithm (illustrated on a sparse graph)

<latexit sha1_base64="2TAMgtWxwoZPicRIkToSmQvNakE="></latexit>

t = 0

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y
nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Identifies a singleton 
(i.e. a degree-1 right node)

Recovers the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Peels off the 
nonzero entry
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Stage A of the algorithm (illustrated on a sparse graph)

<latexit sha1_base64="2TAMgtWxwoZPicRIkToSmQvNakE="></latexit>

t = 0

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y
nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Identifies a singleton 
(i.e. a degree-1 right node)

Recovers the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Peels off the 
nonzero entry
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<latexit sha1_base64="c8dz7kiuwgN2UpWlufFSFeezyxg="></latexit>

t = 1

Recovers the 
nonzero entry

Peels off the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Identifies a singleton 
(i.e. a degree-1 right node)

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y
nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Stage A of the algorithm (illustrated on a sparse graph)
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<latexit sha1_base64="c8dz7kiuwgN2UpWlufFSFeezyxg="></latexit>

t = 1

Recovers the 
nonzero entry

Peels off the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Identifies a singleton 
(i.e. a degree-1 right node)

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y
nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Stage A of the algorithm (illustrated on a sparse graph)
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<latexit sha1_base64="OC5YtLacoTU8NHvXZ+bXK2ptn+k="></latexit>

t = 2

Recovers the 
nonzero entry

Peels off the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Identifies a singleton 
(i.e. a degree-1 right node)

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y
nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Stage A of the algorithm (illustrated on a sparse graph)
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<latexit sha1_base64="OC5YtLacoTU8NHvXZ+bXK2ptn+k="></latexit>

t = 2

Recovers the 
nonzero entry

Analogous to the peeling
decoder for LDPC codes 

over a BEC:

Peels off the 
nonzero entry

Identifies a singleton 
(i.e. a degree-1 right node)

pairs of entries
in the sketch

<latexit sha1_base64="qHn1SBcuQzNp1Cq0ulBiCpf88SI="></latexit>

R = 5

<latexit sha1_base64="X0lRUbl+p4sLo6Yw5uDspIVbKDQ="></latexit>y

Degree-0 right 
nodes involve only 
zero-valued      ’s<latexit sha1_base64="clvPrjoP7wUal87h6GQ6O7HgkAM="></latexit>xi

nonzero entries of  
(vectorised matrix)

<latexit sha1_base64="+e8YQRJzhSBLoO/ZBHO/PsBgYRE="></latexit>x

<latexit sha1_base64="m7apSyGzhFqGFiTO/YZ2VwKhRQs="></latexit>

k̃ = 4

Stage A of the algorithm (illustrated on a sparse graph)
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Stage B of the algorithm 4 nonzero pairwise 
products recovered 

in Stage A
nonzero 

entries of 

<latexit sha1_base64="qJf4bW2OEaN9hMvoszHhV4XljX0="></latexit>

k = 5

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="2TAMgtWxwoZPicRIkToSmQvNakE="></latexit>

t = 0

Rank-1 case: 

Sketching sparse low-rank matrices with near-optimal complexities | Xiaoqi Liu, Ramji Venkataramanan | University of Cambridge

• ,     is    -sparse
• Matrix entries are of the form 

Goal: solve for the nonzeros of      i.e.             
from the               recovered in Stage A             

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
<latexit sha1_base64="fuHT+Pnp1kaYtiuXUJF7V/qbhz0="></latexit>

k

<latexit sha1_base64="483lh2FU4Gu/eAFRL3GgGoZ66QY="></latexit>

{vi}<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="FTLL1en9DZrRGecdzgN/F3Ecx5k="></latexit>

X = vvT



Stage B of the algorithm 4 nonzero pairwise 
products recovered 

in Stage A
nonzero 

entries of 

<latexit sha1_base64="qJf4bW2OEaN9hMvoszHhV4XljX0="></latexit>

k = 5

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="2TAMgtWxwoZPicRIkToSmQvNakE="></latexit>

t = 0

Rank-1 case: 

<latexit sha1_base64="xMMA+uChRnCSoYoIg+7fXdvWBkQ="></latexit>p
X44
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• ,     is    -sparse
• Matrix entries are of the form 

Goal: solve for the nonzeros of      i.e.             
from the               recovered in Stage A             

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
<latexit sha1_base64="fuHT+Pnp1kaYtiuXUJF7V/qbhz0="></latexit>

k

<latexit sha1_base64="483lh2FU4Gu/eAFRL3GgGoZ66QY="></latexit>

{vi}<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="FTLL1en9DZrRGecdzgN/F3Ecx5k="></latexit>

X = vvT



Stage B of the algorithm 3 nonzero pairwise 
products recovered 

in Stage A

<latexit sha1_base64="c8dz7kiuwgN2UpWlufFSFeezyxg="></latexit>

t = 1

Rank-1 case: nonzero 
entries of 

<latexit sha1_base64="qJf4bW2OEaN9hMvoszHhV4XljX0="></latexit>

k = 5

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
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• ,     is    -sparse
• Matrix entries are of the form 

Goal: solve for the nonzeros of      i.e.             
from the               recovered in Stage A             

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
<latexit sha1_base64="fuHT+Pnp1kaYtiuXUJF7V/qbhz0="></latexit>

k

<latexit sha1_base64="483lh2FU4Gu/eAFRL3GgGoZ66QY="></latexit>

{vi}<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="FTLL1en9DZrRGecdzgN/F3Ecx5k="></latexit>

X = vvT



Stage B of the algorithm 3 nonzero pairwise 
products recovered 

in Stage A

<latexit sha1_base64="c8dz7kiuwgN2UpWlufFSFeezyxg="></latexit>

t = 1

Rank-1 case: nonzero 
entries of 

<latexit sha1_base64="qJf4bW2OEaN9hMvoszHhV4XljX0="></latexit>

k = 5

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
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• ,     is    -sparse
• Matrix entries are of the form 

Goal: solve for the nonzeros of      i.e.             
from the               recovered in Stage A             

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
<latexit sha1_base64="fuHT+Pnp1kaYtiuXUJF7V/qbhz0="></latexit>

k

<latexit sha1_base64="483lh2FU4Gu/eAFRL3GgGoZ66QY="></latexit>

{vi}<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="lK4PoEJiBk14oY/oPQDK3dqDJdA="></latexit>

{vivj}

<latexit sha1_base64="FTLL1en9DZrRGecdzgN/F3Ecx5k="></latexit>

X = vvT



Stage B of the algorithm 3 nonzero pairwise 
products recovered 

in Stage A

<latexit sha1_base64="OC5YtLacoTU8NHvXZ+bXK2ptn+k="></latexit>

t = 2

Rank-1 case: nonzero 
entries of 

<latexit sha1_base64="qJf4bW2OEaN9hMvoszHhV4XljX0="></latexit>

k = 5

<latexit sha1_base64="A0vBn5fuy9Cco7yc5/AukBvluB4="></latexit>v
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• ,     is    -sparse
• Matrix entries are of the form 

Goal: solve for the nonzeros of      i.e.             
from the               recovered in Stage A             
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Main result: non-asymptotic guarantees
Degrees of 

freedom of     : 
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Analogous theorem for general non-symmetric matrices:
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• Analyse random graph processes representing the two stages of the 
algorithm
• Track the number of degree-1 right nodes over time
• Handle intricate dependencies among graph variables using Negative 

Association

• Stage A similar to peeling decoder for LDPC codes over BEC but graph 
degrees grow with

Proof ideas
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Numerical results (of symmetric matrices) 
Overlapping supports:Disjoint supports: 
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Probability of exact recovery of           versus # measurements      for different sparsity 
levels . (                ,             , 100 trials). Dashed lines indicate the # measurements 
prescribed by Theorem 1.
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Numerical results (of symmetric matrices) 
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Overlapping supports:Disjoint supports: 

Running time of recovery algorithm versus ambient dimension    , for different sparsity levels     
and # measurements      . (            , 50 trials) Error bars indicate one standard deviation. <latexit sha1_base64="jGLOtMuTLVJxb+1jqZdr0Um0ot8="></latexit>m
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Summary & Future work

• Proposed a sketching operator      based on LDPC codes & an efficient 
iterative algorithm to recover                 from the sketch      

• Proved finite- theoretical guarantees: near-optimal sample and time 
complexities which only            (corroborated by numerical results)
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Future directions: 
• Extend Stage B of the algorithm when                 have overlapping supports
• For the noisy case: reduce complexity; derive theoretical guarantees
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Extension to tackle sparse low-rank matrices + small noise: 
Liu, X. and Venkataramanan, R. (2022). Sketching sparse low-rank matrices 
with near-optimal sample- and time-complexity. arXiv:2205.06228.

Xiaoqi (Shirley) Liu: xl394@cam.ac.uk

Sketching sparse low-rank matrices with near-optimal complexities | Xiaoqi Liu, Ramji Venkataramanan | University of Cambridge


