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<latexit sha1_base64="l6rvcKn0YMgbQowDTi5IZlin9Nc="></latexit>

y =
X

`2[L]

c` + " 2 Rn

<latexit sha1_base64="TghvR7bUheUm5bx6Ob27qvFCtgk=">AAAB+XicbVC9TsMwGHTKXwl/AUYQsqiQmKqEoTBWsDC2Ev2R2qhyHLe16tiR7VSKoo68BQsDCLGy9DnYeAZeAqftAC0nWT7dfZ98viBmVGnX/bIKa+sbm1vFbXtnd2//wDk8aiqRSEwaWDAh2wFShFFOGppqRtqxJCgKGGkFo7vcb42JVFTwB53GxI/QgNM+xUgbqec4tt0NBAtVGpkrSyc9p+SW3RngKvEWpFQ9nda/H8+mtZ7z2Q0FTiLCNWZIqY7nxtrPkNQUMzKxu4kiMcIjNCAdQzmKiPKzWfIJvDBKCPtCmsM1nKm/NzIUqTyamYyQHqplLxf/8zqJ7t/4GeVxognH84f6CYNawLwGGFJJsGapIQhLarJCPEQSYW3Ksk0J3vKXV0nzquxVypW6aeMWzFEEJ+AcXAIPXIMquAc10AAYjMETeAGvVmY9W2/W+3y0YC12jsEfWB8/JrWXFQ==</latexit>y

<latexit sha1_base64="+fkq53s3Qv8cMr9v3Z3S9cX7BHk=">AAAB+3icbVC9TsMwGHT4LeEvFImFJaJCYqqSDoWxKgtjK9EfqY0ix3Faq44d2Q6iivIqLAwgBCNvwBOwsfAsOG0HaDnJ8unu++TzBQklUjnOl7G2vrG5tV3aMXf39g8OraNyV/JUINxBnHLRD6DElDDcUURR3E8EhnFAcS+YXBd+7w4LSTi7VdMEezEcMRIRBJWWfKtsmsOA01BOY31lKPdrvlVxqs4M9ipxF6TSOGl/k7fmR8u3PochR2mMmUIUSjlwnUR5GRSKIIpzc5hKnEA0gSM80JTBGEsvm2XP7XOthHbEhT5M2TP190YGY1mE05MxVGO57BXif94gVdGVlxGWpAozNH8oSqmtuF0UYYdEYKToVBOIBNFZbTSGAiKl6zJ1Ce7yl1dJt1Z169V6W7fRBHOUwCk4AxfABZegAW5AC3QAAvfgATyBZyM3Ho0X43U+umYsdo7BHxjvPylql5o=</latexit>c2

<latexit sha1_base64="sA/N1Ti/JkY7Ym6wVabS7Nx1Iqg="></latexit>

"
i.i.d.⇠ N (0, N0/2)

bits
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k
<latexit sha1_base64="K42KOXC4yUG+0yTz2b7M0dRShAU=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48tmB/oF2WbDbbhmaTJckWy9I38eJBEcGTr+ATePPis5hte9DWgZBh5vvIZIKEUaUd58sqrK1vbG4Vt0s7u3v7B/bhUVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN3kfmdMpKKC3+lJQrwYDTiNKEbaSL5t9wPBQjWJzZXdT33Xt8tOxZkBrhJ3Qcq1k+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa6qeKJAiP0ID0DOUoJsrLZsmn8NwoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpkS3OUvr5L2ZcWtVqpN00YdzFEEp+AMXAAXXIEauAUN0AIYjMEDeALPVmY9Wi/W63y0YC12jsEfWO8/3gyXhg==</latexit>x1

<latexit sha1_base64="Amy/5e8hnSsJyEkqvlPnfrhysgE=">AAAB+XicbVDNSgMxGMz6W+vfquDFS7AInspuD9VjqRePLdgfaJclm822odlkSbLFsvRNvHhQRPDkK/gE3rz4LGbbHrR1IGSY+T4ymSBhVGnH+bLW1jc2t7YLO8Xdvf2DQ/vouK1EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjG5yvzMmUlHB7/QkIV6MBpxGFCNtJN+2+4FgoZrE5srup37Ft0tO2ZkBrhJ3QUq10+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa7KeKJAiP0ID0DOUoJsrLZsmn8MIoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpoS3OUvr5J2pexWy9WmaaMO5iiAM3AOLoELrkAN3IIGaAEMxuABPIFnK7MerRfrdT66Zi12TsAfWO8/35CXhw==</latexit>x2

<latexit sha1_base64="YKyZmSmGBPk8Vc5KvI4HGKiZqQ4=">AAAB+XicbVC9TsMwGHT4LeUvgMTCYlEhMVUJQ2GsysLA0Er0R2qjyHGc1qpjR7ZTUUV9ExYGEEJi4hV4AjYWngWn7QAtJ1k+3X2ffL4gYVRpx/myVlbX1jc2C1vF7Z3dvX374LClRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvc789IlJRwe/0OCFejPqcRhQjbSTftnuBYKEax+bK7if+rW+XnLIzBVwm7pyUqseNb/pW+6j79mcvFDiNCdeYIaW6rpNoL0NSU8zIpNhLFUkQHqI+6RrKUUyUl02TT+CZUUIYCWkO13Cq/t7IUKzycGYyRnqgFr1c/M/rpjq68jLKk1QTjmcPRSmDWsC8BhhSSbBmY0MQltRkhXiAJMLalFU0JbiLX14mrYuyWylXGqaNGpihAE7AKTgHLrgEVXAD6qAJMBiBB/AEnq3MerRerNfZ6Io13zkCf2C9/wAHB5eh</latexit>xL

<latexit sha1_base64="cUlVgDthGGMpM6OdT47WjMT+6cE=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48eGjB/kC7LNlstg3NJkuSLZSlb+LFgyKCJ1/BJ/DmxWcx2/agrQMhw8z3kckECaNKO86XVVhb39jcKm6Xdnb39g/sw6O2EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6yf3OmEhFBb/Xk4R4MRpwGlGMtJF82+4HgoVqEpsrw1P/zrfLTsWZAa4Sd0HKtZPmN32rfzR8+7MfCpzGhGvMkFI910m0lyGpKWZkWuqniiQIj9CA9AzlKCbKy2bJp/DcKCGMhDSHazhTf29kKFZ5ODMZIz1Uy14u/uf1Uh1dexnlSaoJx/OHopRBLWBeAwypJFiziSEIS2qyQjxEEmFtyiqZEtzlL6+S9mXFrVaqTdNGHcxRBKfgDFwAF1yBGrgFDdACGIzBA3gCz1ZmPVov1ut8tGAtdo7BH1jvP+bll4w=</latexit>cL

<latexit sha1_base64="4DH5HIrsVz6mTU3xZzjeYUuEEPE=">AAACI3icbVDJSgNBEO1xjXEb9eilSRAEJcx4iOIp6MWDhwhmgUwIPT2dpEnPQneNOAzzF36AF3/FiwcleMnBf7GzHDRJQVOP96qqq54bCa7AskbGyura+sZmbiu/vbO7t28eHNZVGEvKajQUoWy6RDHBA1YDDoI1I8mI7wrWcAe3Y73xxKTiYfAIScTaPukFvMspAU11zOu8kzp9AqnjhsJTia9T+pxlHfscO14ISqdl8r2TdcyiVbImgReBPQPFSsE5exlVkmrHHOqJNPZZAFQQpVq2FUE7JRI4FSzLO7FiEaED0mMtDQPiM9VOJzdm+EQzHu6GUr8A8IT925ESX43305U+gb6a18bkMq0VQ/eqnfIgioEFdPpRNxYYQjw2DHtcMgoi0YBQyfWumPaJJBS0rXltgj1/8iKoX5Tscqn8oN24QdPIoWNUQKfIRpeogu5QFdUQRa/oHX2iL+PN+DCGxve0dMWY9Ryhf2H8/AIZf6jQ</latexit>

{x̂1, . . . , x̂L}

<latexit sha1_base64="FCXfqogRuff8S+lzZVugmqvR/W4=">AAACCHicbVC7TsMwFHXKq5RXgZEBiwqJqUoQKrBVYmEsiD6kJlSO47RWHTuyHaQqysjCr7AwgBArn8DG3+C0GaDlSJaPzj1X997jx4wqbdvfVmlpeWV1rbxe2djc2t6p7u51lEgkJm0smJA9HynCKCdtTTUjvVgSFPmMdP3xVV7vPhCpqOB3ehITL0JDTkOKkTbSoHro+oIFahKZL8XZwHEpdyOkR76f3mb3xlGz6/YUcJE4BamBAq1B9csNBE4iwjVmSKm+Y8faS5HUFDOSVdxEkRjhMRqSvqEcRUR56fSQDB4bJYChkOZxDafq744URSrf1TjzHdV8LRf/q/UTHV54KeVxognHs0FhwqAWME8FBlQSrNnEEIQlNbtCPEISYW2yq5gQnPmTF0nntO406o2bs1rzsoijDA7AETgBDjgHTXANWqANMHgEz+AVvFlP1ov1bn3MrCWr6NkHf2B9/gDLS5p0</latexit>

c1 2 Rn
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Many-user setting

[Chen, Chen, Guo, '17], [Ravi, Koch '19], [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], 
[Polyanskiy, Kowshik '20]

• user density
<latexit sha1_base64="t6J7USe2EX/wi+RqHiq5V0UAsIg="></latexit>

µ := L/n

• fixed user payload bits
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k

• energy-per-bit constraint:
<latexit sha1_base64="DRObb24EL6eHQ2wSTDQ4G5L98tU="></latexit>

kc`k22  E := Ebk

• Per-user probability of error,
<latexit sha1_base64="S0zupFGvuqHU/yvjbU4Pj3LlorA="></latexit>

PUPE =
1

L

LX

`=1

P
�
x̂` 6= x`

�

Given                , what is minimum             required to achieve a target PUPE?

Linear scaling regime:                   with                  fixed
<latexit sha1_base64="sR5Q6JkXFxG7b8OBbvnwDJigeGM=">AAACAnicbVDLSsNAFJ3UV62vqitRJFgEF1ISF9Vl0Y0LFy3YBzShTKaTduhkEmZuhBCKG/0UNy4UcdOFX+HOb/AnnD4W2nrgwuGce+fOPV7EmQLL+jIyC4tLyyvZ1dza+sbmVn57p67CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nD61+N/MYdlYqF4haSiLoB7grmM4JBS+38XuqMH0kl7QxuBqfCgdBhwoeknS9YRWsMc57YU1IoHwyr34+Hw0o7/+l0QhIHVADhWKmWbUXgplgCI5wOck6saIRJH3dpS1OBA6rcdLx9YB5rpWP6odQlwByrvydSHCiVBJ7uDDD01Kw3Ev/zWjH4F27KRBQDFWSyyI+5CaE5ysPsMEkJ8EQTTCTTfzVJD0tMQKeW0yHYsyfPk/pZ0S4VS1WdxiWaIIv20RE6QTY6R2V0jSqohgi6R0/oBb0aD8az8Wa8T1ozxnRmF/2B8fEDMZObqA==</latexit>

L, n ! 1
<latexit sha1_base64="t6J7USe2EX/wi+RqHiq5V0UAsIg="></latexit>

µ := L/n
<latexit sha1_base64="guPBZEfl7tGuWaJxMHWFLAjDjEo="></latexit>

µ = L/n
<latexit sha1_base64="IwEcQsiflyC85DanJNRT0eXRWzM=">AAAB7nicbVDLSsNAFL2pr1pfVZduhhZBEGrSRXVZFMGVVLAPaEOYTCft0MkkzEyEEPoRgrhQxK3f465/4/Sx0NYDFw7n3Mu99/gxZ0rb9sTKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHN1G8/UalYJB51GlM3xAPBAkawNlL71vMv7j3bK5btij0DWiXOgpTrpd75y6SeNrzid68fkSSkQhOOleo6dqzdDEvNCKfjQi9RNMZkhAe0a6jAIVVuNjt3jE6N0kdBJE0JjWbq74kMh0qloW86Q6yHatmbiv953UQHV27GRJxoKsh8UZBwpCM0/R31maRE89QQTCQztyIyxBITbRIqmBCc5ZdXSatacWqV2oNJ4xrmyMMJlOAMHLiEOtxBA5pAYATP8AbvVmy9Wh/W57w1Zy1mjuEPrK8fVheR6A==</latexit>

Eb/N0
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Many-user multiple-access

What can be achieved without memory or computational constraints? 

random Gaussian codebooks + maximum-likelihood decoding

Previous work [Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], [Polyanskiy, Kowshik '20]

What can be achieved with efficient coding schemes?  

random linear coding + Approximate Message Passing (AMP) decoding

This talk [Hsieh, Rush, Venkataramanan '22] [Liu, Hsieh, Venkataramanan '24]

Many-user multiple-access with random user activity (last 5mins of talk)
[Liu, Cobo, Venkataramanan '24]
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User payload  bits, target k = 4 PUPE ≤ 10−3
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User payload  bits, target k = 4 PUPE ≤ 10−3

achievable

impossible 

4/25

random Gaussian 
codebooks 


+ ML decoding

[Zadik, Polyanskiy, Thrampoulidis '19]



User payload  bits, target k = 4 PUPE ≤ 10−3

achievable

impossible 

[Hsieh, Rush, Venkataramanan '22]

Near-optimal 
practical schemes 
for small payloads.

4/25

random Gaussian 
codebooks 


+ ML decoding

[Zadik, Polyanskiy, Thrampoulidis '19]



User payload  bits, target k = 60 PUPE ≤ 10−3

5/25

achievable

impossible 

random Gaussian 
codebooks 


+ ML decoding

[Zadik, Polyanskiy, Thrampoulidis '19]

Practical 
schemes for 

larger payloads?
[Liu, Hsieh, Venkataramanan '24]



[Hsieh, Rush, Venkataramanan '22]

Practical schemes for small payloads.

Practical schemes for larger payloads?
[Liu, Hsieh, Venkataramanan '24]

Limitations.
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Random linear coding [Hsieh, Rush, Venkataramanan '22]

Each user             creates codeword 
<latexit sha1_base64="lmss6Pef5fXlSUngg2OuOf0bmFY=">AAAB8XicbVDLSsNAFL2pr1pfVZduhhZBEEriorosunHhooJ9YBLKZDpph04mYWYihNC/6MaFIm79G3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zuZn7nhUrFYvGks4T6ER4IFjKCtZGePcq5x4T74PfKVbtmz4HWibMk1UbFu5xMG1mzV/72+jFJIyo04Vgp17ET7edYakY4HZe8VNEEkxEeUNdQgSOq/Hx+8RidG6WPwliaEhrN1d8TOY6UyqLAdEZYD9WqNxP/89xUhzd+zkSSairIYlGYcqRjNHsf9ZmkRPPMEEwkM7ciMsQSE21CKpkQnNWX10n7qubUa/VHk8YtLFCEM6jABThwDQ24hya0gICACbzBu6WsV+vD+ly0FqzlzCn8gfX1A3Qlk8Q=</latexit>

` 2 [L]
<latexit sha1_base64="XbfV+63H1dilb8nhmRk5SpIBEP8="></latexit>

c` = A`x` 2 Rn

Channel output:
<latexit sha1_base64="+F1bmBa5XP0VMrwzf6T31pwMiAU="></latexit>

y =
X

`2[L]

A`x` + " = Ax+ "

. . .

user 1 user 2 user L

A : A1 A2 AL
n

x : . . .x1 x2 xL

>

B columns

• User   ’s     bits payload encoded in 
<latexit sha1_base64="8RgKVLLN65Mhpx+hdo1ManXdSt0=">AAAB63icbZDLSgMxFIbP1Fsdb1WXboJFcFVmXKgbsejGZQV7gXYomTTThiaZIckIZegruHGhiDvxWdy7Ed/GTNuFtv4Q+Pj/c8g5J0w408bzvp3C0vLK6lpx3d3Y3NreKe3uNXScKkLrJOaxaoVYU84krRtmOG0limIRctoMh9d53rynSrNY3plRQgOB+5JFjGCTWx3KebdU9ireRGgR/BmULz/ci+Tty611S5+dXkxSQaUhHGvd9r3EBBlWhhFOx24n1TTBZIj7tG1RYkF1kE1mHaMj6/RQFCv7pEET93dHhoXWIxHaSoHNQM9nuflf1k5NdB5kTCapoZJMP4pSjkyM8sVRjylKDB9ZwEQxOysiA6wwMfY8rj2CP7/yIjROKv5p5fTWK1evYKoiHMAhHIMPZ1CFG6hBHQgM4AGe4NkRzqPz4rxOSwvOrGcf/sh5/wFwf5GD</latexit>

`
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k
<latexit sha1_base64="HswMO/VlJ/MsT1NIZp9QIoTSvJE="></latexit>

x` 2 RB ⇠ px̄

• Random matrices:
<latexit sha1_base64="v+N7l+0UQ9TRbXNYosk2AZOCf/o="></latexit>

A` 2 Rn⇥B

e.g.             , each       has a single non-zero entry          <latexit sha1_base64="2DE1EX3RFH/6QyZ+pno3y/wlUA0=">AAAB/HicbVC9TsMwGHT4LeUvUImFxaJCYqoShsJYlYWxleiP1ESR4zitVceJbAcRReVVWBhAqCtPwBOwsfAsOG0HaDnJ8unu++Tz+QmjUlnWl7G2vrG5tV3aKe/u7R8cmkfHXRmnApMOjlks+j6ShFFOOooqRvqJICjyGen545vC790TIWnM71SWEDdCQ05DipHSkmdWHD9mgcwifeUPE88hjHlm1apZM8BVYi9ItXHS/qbT5kfLMz+dIMZpRLjCDEk5sK1EuTkSimJGJmUnlSRBeIyGZKApRxGRbj4LP4HnWglgGAt9uIIz9fdGjiJZ5NOTEVIjuewV4n/eIFXhtZtTnqSKcDx/KEwZVDEsmoABFQQrlmmCsKA6K8QjJBBWuq+yLsFe/vIq6V7W7Hqt3tZtNMEcJXAKzsAFsMEVaIBb0AIdgEEGnsALeDUejWfjzZjOR9eMxU4F/IHx/gOEspkM</latexit>x`

<latexit sha1_base64="8d8mwNOc0t2dJqRndtGOJM5TFJU=">AAAB/HicbVC7TsMwFHV4lvAKdGSxqJCYqqRDYamoysJYJPqQ2lA5rtNadZzIdpCiKPwKAwwgxMovsLMg/gY37QAtR7rS0Tn3+voeL2JUKtv+NlZW19Y3Ngtb5vbO7t6+dXDYlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43uZz6nTsiJA35jUoi4gZoxKlPMVJaGljFRq1ym/bzh1KPxSSbZAOrZJftHHCZOHNSuvgwa9Hjl9kcWJ/9YYjjgHCFGZKy59iRclMkFMWMZGY/liRCeIJGpKcpRwGRbprvzOCJVobQD4UurmCu/p5IUSBlEni6M0BqLBe9qfif14uVf+6mlEexIhzPFvkxgyqE0yTgkAqCFUs0QVhQ/VeIx0ggrHRepg7BWTx5mbQrZadarl7bpXoDzFAAR+AYnAIHnIE6uAJN0AIYJOABPIMX4954Ml6Nt1nrijGfKYI/MN5/AFVwmD4=</latexit>

B = 2k
<latexit sha1_base64="WupvAEmNStzjEKbNInqexp7nUy4=">AAAB8HicbVBNSwMxEJ2trdb6VfXoJVgEL5ZdD7UXpSiCxwr2Q9qlZNO0DU2ya5IVytJf4cWDIl79Od7015h+HLT1wcDjvRlm5gURZ9q47peTWklnVtey67mNza3tnfzuXl2HsSK0RkIeqmaANeVM0pphhtNmpCgWAaeNYHg18RuPVGkWyjsziqgvcF+yHiPYWOn+vK0flEmux518wS26U6Bl4s1JoZLOXJwE5e9qJ//Z7oYkFlQawrHWLc+NjJ9gZRjhdJxrx5pGmAxxn7YslVhQ7SfTg8foyCpd1AuVLWnQVP09kWCh9UgEtlNgM9CL3kT8z2vFplf2Eyaj2FBJZot6MUcmRJPvUZcpSgwfWYKJYvZWRAZYYWJsRjkbgrf48jKpnxa9UrF0a9O4hBmycACHcAwenEEFbqAKNSAg4Ale4NVRzrPz5rzPWlPOfGYf/sD5+AHKcJKj</latexit>

=
p
E
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[Hsieh, Rush, Venkataramanan '22]

. . .

user 1 user 2 user L

A : A1 A2 AL
n

x : . . .x1 x2 xL

>

B columns
<latexit sha1_base64="+F1bmBa5XP0VMrwzf6T31pwMiAU="></latexit>

y =
X

`2[L]

A`x` + " = Ax+ "

memory and computational costs both
<latexit sha1_base64="PjietlXrkKNKCJaJHhhgVqxbfsE="></latexit>

/ 2kLimitations:

Random linear coding

Approximate Message Passing (AMP) decoding

Given     and     , recover<latexit sha1_base64="oRxwcl2/YOpiFLp2tczB/85DsxQ=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguiwMJYJPqQ2lA5jtNadZzIdkBV1P9gYeAhVj6DnQXxN7iPAVqOZPnonHvl4+MnnCntON9WbmFxaXklv2qvrW9sbhW2d+oqTiWhNRLzWDZ9rChngtY005w2E0lx5HPa8PuXI79xR6VisbjRg4R6Ee4KFjKCtZFu237MAzWIzJWdDzuFolNyxkDzxJ2S4tmHfZq8fNnVTuGzHcQkjajQhGOlWq6TaC/DUjPC6dBup4ommPRxl7YMFTiiysvGqYfowCgBCmNpjtBorP7eyHCkRtHMZIR1T816I/E/r5Xq8MTLmEhSTQWZPBSmHOkYjSpAAZOUaD4wBBPJTFZEelhiok1RtinBnf3yPKkfldxyqXztFCsXMEEe9mAfDsGFY6jAFVShBgQkPMATPFv31qP1ar1NRnPWdGcX/sB6/wFi0pYa</latexit>

A
<latexit sha1_base64="tAYB0hJ/5rw+Dmjjpej8sbYT2Y8="></latexit>x<latexit sha1_base64="V8NfHKo9twSNxQRlMchejXOL/J4=">AAAB+HicbVC7TsMwFHV4lvBogBGELCokpiphKIwVLIytRB9SG1WO47RWHTuyHaQQdeQrWBhAiJWp38HGN/ATuI8BWo5k+eice+XjEySMKu26X9bK6tr6xmZhy97e2d0rOvsHTSVSiUkDCyZkO0CKMMpJQ1PNSDuRBMUBI61geDPxW/dEKir4nc4S4seoz2lEMdJG6jlFuxsIFqosNleejXpOyS27U8Bl4s1JqXo8rn8/noxrPeezGwqcxoRrzJBSHc9NtJ8jqSlmZGR3U0UShIeoTzqGchQT5efT4CN4ZpQQRkKawzWcqr83chSrSTQzGSM9UIveRPzP66Q6uvJzypNUE45nD0Upg1rASQswpJJgzTJDEJbUZIV4gCTC2nRlmxK8xS8vk+ZF2auUK3XTxjWYoQCOwCk4Bx64BFVwC2qgATBIwRN4Aa/Wg/VsvVnvs9EVa75zCP7A+vgB8cmXAQ==</latexit>y

8/25

Band-diagonal random design matrix
<latexit sha1_base64="oRxwcl2/YOpiFLp2tczB/85DsxQ=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguiwMJYJPqQ2lA5jtNadZzIdkBV1P9gYeAhVj6DnQXxN7iPAVqOZPnonHvl4+MnnCntON9WbmFxaXklv2qvrW9sbhW2d+oqTiWhNRLzWDZ9rChngtY005w2E0lx5HPa8PuXI79xR6VisbjRg4R6Ee4KFjKCtZFu237MAzWIzJWdDzuFolNyxkDzxJ2S4tmHfZq8fNnVTuGzHcQkjajQhGOlWq6TaC/DUjPC6dBup4ommPRxl7YMFTiiysvGqYfowCgBCmNpjtBorP7eyHCkRtHMZIR1T816I/E/r5Xq8MTLmEhSTQWZPBSmHOkYjSpAAZOUaD4wBBPJTFZEelhiok1RtinBnf3yPKkfldxyqXztFCsXMEEe9mAfDsGFY6jAFVShBgQkPMATPFv31qP1ar1NRnPWdGcX/sB6/wFi0pYa</latexit>

ATake-away: + AMP decoding
gives asymptotic near-optimal error performance for small 

<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k

(more on this later)



[Liu, Hsieh, Venkataramanan '24]

Random binary-CDMA + outer code

For each user            :
<latexit sha1_base64="lmss6Pef5fXlSUngg2OuOf0bmFY=">AAAB8XicbVDLSsNAFL2pr1pfVZduhhZBEEriorosunHhooJ9YBLKZDpph04mYWYihNC/6MaFIm79G3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zuZn7nhUrFYvGks4T6ER4IFjKCtZGePcq5x4T74PfKVbtmz4HWibMk1UbFu5xMG1mzV/72+jFJIyo04Vgp17ET7edYakY4HZe8VNEEkxEeUNdQgSOq/Hx+8RidG6WPwliaEhrN1d8TOY6UyqLAdEZYD9WqNxP/89xUhzd+zkSSairIYlGYcqRjNHsf9ZmkRPPMEEwkM7ciMsQSE21CKpkQnNWX10n7qubUa/VHk8YtLFCEM6jABThwDQ24hya0gICACbzBu6WsV+vD+ly0FqzlzCn8gfX1A3Qlk8Q=</latexit>

` 2 [L]

• Random signature sequence:
<latexit sha1_base64="rScVfR9GziYQzUmOfNutC6cwb4A=">AAACFnicbVC7TsMwFHV4lvIKILGwWCAkFqqEARhRWRhbRKFSUyrHuWmtOk5kO0hVlK9g4Sf4ABYGHmJFbCx8C07bAQpXsnx0zr265x4/4Uxpx/m0pqZnZufmSwvlxaXllVV7bf1Sxamk0KAxj2XTJwo4E9DQTHNoJhJI5HO48vunhX51A1KxWFzoQQLtiHQFCxkl2lAde9/zYx6oQWS+jOQdDzj3mMBeRHTP97Pz/DrzNOMBZCLPO/aOU3GGhf8Cdwx2TjbrX+y++lLr2B9eENM0AqEpJ0q1XCfR7YxIzSiHvOylChJC+6QLLQMFiUC1s+FZOd41TIDDWJonNB6yPycyEqnCueks3KpJrSD/01qpDo/bGRNJqkHQ0aIw5VjHuMgIB0wC1XxgAKGSGa+Y9ogkVJskyyYEd/Lkv+DyoOIeVg7rJo0qGlUJbaFttIdcdIRO0BmqoQai6BY9oCf0bN1Zj9ar9TZqnbLGMxvoV1nv33nHpIo=</latexit>

a` 2 Rñ

Channel output:
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="v8CXOlTl0GV2XunzF+n1GJ5tyTs="></latexit>

Y =
P

`2[L] a`x` + E = AX + E 2 Rñ⇥

Memory and computational costs linear in  Benefits: <latexit sha1_base64="Og9GpYPZBAewQJm62PQLHwc8GrU=">AAAB6HicdZDLSgMxFIYzXut4q7p0EyyCq5LporYLsejGZQv2Au1QMumZNjZzIckIZegTuHGhiFt9GPduxLcx0yqo6A+Bj/8/h5xzvFhwpQl5txYWl5ZXVnNr9vrG5tZ2fme3paJEMmiySESy41EFgofQ1FwL6MQSaOAJaHvj8yxvX4NUPAov9SQGN6DDkPucUW2sxrifL5AiMSqXcQZOhTgGqtVKqVTFziwipHD6Yp/Ez292vZ9/7Q0ilgQQaiaoUl2HxNpNqdScCZjavURBTNmYDqFrMKQBKDedDTrFh8YZYD+S5oUaz9zvHSkNlJoEnqkMqB6p31lm/pV1E+1X3JSHcaIhZPOP/ERgHeFsazzgEpgWEwOUSW5mxWxEJWXa3MY2R/jaFP8PrVLRKRfLDVKonaG5cmgfHaAj5KBjVEMXqI6aiCFAN+gO3VtX1q31YD3OSxesz5499EPW0weM8pB0</latexit>

k

# channel uses
<latexit sha1_base64="o08EN1Q8VOK960WRUSsxXihQYG8=">AAAB8nicbZDLSsNAFIYn9VbjrerSTbAIrkrioropFt24rGAvkIYymUzaoZOZMHMilNDHcONCkW59D/duxLdxello6w8DH/9/DnPOCVPONLjut1VYW9/Y3Cpu2zu7e/sHpcOjlpaZIrRJJJeqE2JNORO0CQw47aSK4iTktB0Ob6d5+5EqzaR4gFFKgwT3BYsZwWAsX9S6wHhEczHulcpuxZ3JWQVvAeXrD7uWTr7sRq/02Y0kyRIqgHCste+5KQQ5VsAIp2O7m2maYjLEfeobFDihOshnI4+dM+NETiyVeQKcmfu7I8eJ1qMkNJUJhoFezqbmf5mfQXwV5EykGVBB5h/FGXdAOtP9nYgpSoCPDGCimJnVIQOsMAFzJdscwVteeRVaFxWvWqneu+X6DZqriE7QKTpHHrpEdXSHGqiJCJLoCb2gVwusZ+vNmsxLC9ai5xj9kfX+A+ralK8=</latexit>

n = ñ
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
. . .

user 1 user ` user L

A : a1 a` aL

X

x1

x`

·
·
·

xL

binary symbols
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="SYBE8rSxET/FkLOm4U43L+ZpJbo=">AAAB+3icdVBNS8NAEN3Ur1q/aj16WVoEQShJbWtzK4rgsYJthSaUzXbbLt1s4u5GDCH/wrMXD4p49Y94679x2yqo6IOBx3szzMzzQkalMs2pkVlaXlldy67nNja3tnfyu4WODCKBSRsHLBDXHpKEUU7aiipGrkNBkO8x0vUmZzO/e0uEpAG/UnFIXB+NOB1SjJSW+vmCQ7mTOKHvyBuhkvPUSfv5klm2G7VatQLNsmna1dqxJrZtWw0LWlqZodQsOkf302bc6uffnUGAI59whRmSsmeZoXITJBTFjKQ5J5IkRHiCRqSnKUc+kW4yvz2FB1oZwGEgdHEF5+r3iQT5Usa+pzt9pMbytzcT//J6kRo23ITyMFKE48WiYcSgCuAsCDiggmDFYk0QFlTfCvEYCYSVjiunQ/j6FP5POpWyVS/XL3Uap2CBLNgHRXAILHACmuACtEAbYHAHHsATeDZS49F4MV4XrRnjc2YP/IDx9gFanphP</latexit>

2 {±
p
E}

<latexit sha1_base64="TMGi0nzn6qliOdIL015+ze4sJpo=">AAAB8XicbZC7SgNBFIZn4y2ut6ilzWIQrMKuRbQRgzaWEcwFkyXMzp4kQ2Znl5mzQljyFjYWimjpg9jbiG/j5FJo4g8DH/9/DnPOCRLBNbrut5VbWl5ZXcuv2xubW9s7hd29uo5TxaDGYhGrZkA1CC6hhhwFNBMFNAoENILB1Thv3IPSPJa3OEzAj2hP8i5nFI11Z7eRixAyOeoUim7JnchZBG8GxYsP+zx5+7KrncJnO4xZGoFEJqjWLc9N0M+oQs4EjOx2qiGhbEB70DIoaQTazyYTj5wj44RON1bmSXQm7u+OjEZaD6PAVEYU+3o+G5v/Za0Uu2d+xmWSIkg2/aibCgdjZ7y+E3IFDMXQAGWKm1kd1qeKMjRHss0RvPmVF6F+UvLKpfKNW6xckqny5IAckmPikVNSIdekSmqEEUkeyBN5trT1aL1Yr9PSnDXr2Sd/ZL3/AMu6lAQ=</latexit>

ñ

Challenge: efficiently decode outer code?
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• Outer           linear code:
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d<latexit sha1_base64="1cNJYyl4okIvbxwr4wqxLPycdEg="></latexit>

x` 2 {±
p
E} ⇠ px̄   bits payload encoded in

<latexit sha1_base64="Og9GpYPZBAewQJm62PQLHwc8GrU=">AAAB6HicdZDLSgMxFIYzXut4q7p0EyyCq5LporYLsejGZQv2Au1QMumZNjZzIckIZegTuHGhiFt9GPduxLcx0yqo6A+Bj/8/h5xzvFhwpQl5txYWl5ZXVnNr9vrG5tZ2fme3paJEMmiySESy41EFgofQ1FwL6MQSaOAJaHvj8yxvX4NUPAov9SQGN6DDkPucUW2sxrifL5AiMSqXcQZOhTgGqtVKqVTFziwipHD6Yp/Ez292vZ9/7Q0ilgQQaiaoUl2HxNpNqdScCZjavURBTNmYDqFrMKQBKDedDTrFh8YZYD+S5oUaz9zvHSkNlJoEnqkMqB6p31lm/pV1E+1X3JSHcaIhZPOP/ERgHeFsazzgEpgWEwOUSW5mxWxEJWXa3MY2R/jaFP8PrVLRKRfLDVKonaG5cmgfHaAj5KBjVEMXqI6aiCFAN+gO3VtX1q31YD3OSxesz5499EPW0weM8pB0</latexit>

k
<latexit sha1_base64="HyUoU4soaSgJHx98X/7RnYW/PpU="></latexit>

(k,d)
(e.g. LDPC code)



AMP decoder for i.i.d. Gaussian 
<latexit sha1_base64="IdO5v5C8opJ4AIWpaAPO9IO8Nl0=">AAAB+HicbVBLSwMxGMzWV10fXfXoJVgET2XXQ/UiVr14rGAf0C4lm822odlkSbJCXfpLvAgq4tU/4d2L+G/Mtj1o60DIMPN9ZDJBwqjSrvttFZaWV1bXiuv2xubWdsnZ2W0qkUpMGlgwIdsBUoRRThqaakbaiSQoDhhpBcOr3G/dEamo4Ld6lBA/Rn1OI4qRNlLPKdndQLBQjWJzZRfjnlN2K+4EcJF4M1I+/7DPkqcvu95zPruhwGlMuMYMKdXx3ET7GZKaYkbGdjdVJEF4iPqkYyhHMVF+Ngk+hodGCWEkpDlcw4n6eyNDscqjmckY6YGa93LxP6+T6ujUzyhPUk04nj4UpQxqAfMWYEglwZqNDEFYUpMV4gGSCGvTlW1K8Oa/vEiaxxWvWqneuOXaJZiiCPbBATgCHjgBNXAN6qABMEjBA3gGL9a99Wi9Wm/T0YI129kDf2C9/wAPSJZf</latexit>

A
[Liu, Hsieh, Venkataramanan '24]

•                        is Lipschitz and applies row-wise to matrix inputs
<latexit sha1_base64="hdyTS4eaMyNuMjNoktQ5woJjans=">AAACEXicdVC7TgJBFJ31ifhCLW0mEhMqsouArBXRxhKNPBIWyewwwITZR2bumpANv2Djr9hYaIytnZ1/4yxgIkZPMsnJOfdm7jluKLgC0/w0lpZXVtfWUxvpza3tnd3M3n5DBZGkrE4DEciWSxQT3Gd14CBYK5SMeK5gTXd0kfjNOyYVD/wbGIes45GBz/ucEtBSN5NzGJAunDkegaHrxteT27g3wQ4EeFHqZrJm3q6USsUCNvOmaRdLJ5rYtm1VLGxpJUEWzVHrZj6cXkAjj/lABVGqbZkhdGIigVPBJmknUiwkdEQGrK2pTzymOvE00QQfa6WH+4HUzwc8VX9uxMRTauy5ejK5Uv32EvEvrx1Bv9KJuR9GwHw6+6gfCazzJvXgHpeMghhrQqjk+lZMh0QSCrrEtC7hOyn+nzQKeaucL18Vs9XzeR0pdIiOUA5Z6BRV0SWqoTqi6B49omf0YjwYT8ar8TYbXTLmOwdoAcb7F+Oknl8=</latexit>

⌘t : Rd ! Rd

•      estimates      from observation in Gaussian noise
<latexit sha1_base64="DihFkyovOY1gsTAUKGdRaP6aWss=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hqW5tb0YvHCrYV2lA22027dpMNuxOhlP4HLx4U8er/8ea/cdNWUNEHA4/3ZpiZFySCa3CcDyu3srq2vpHfLGxt7+zuFfcP2lqmirIWlUKq24BoJnjMWsBBsNtEMRIFgnWC8WXmd+6Z0lzGNzBJmB+RYcxDTgkYqd1jQPrQL5Yc26tXq5UydmzH8SrVM0M8z3PrLnaNkqGElmj2i++9gaRpxGKggmjddZ0E/ClRwKlgs0Iv1SwhdEyGrGtoTCKm/en82hk+McoAh1KZigHP1e8TUxJpPYkC0xkRGOnfXib+5XVTCOv+lMdJCiymi0VhKjBInL2OB1wxCmJiCKGKm1sxHRFFKJiACiaEr0/x/6Rdtt2aXbuulBoXyzjy6Agdo1PkonPUQFeoiVqIojv0gJ7QsyWtR+vFel205qzlzCH6AevtEx1zj4U=</latexit>⌘t

<latexit sha1_base64="1JwuuY5wQglBTLldpcwTeO9TXLo=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+4B2LJlMpg3NJEOSUcrQ/3DjQhG3/os7/8ZMOwttPRByOOdecnKChDNtXPfbWVldW9/YLG2Vt3d29/YrB4dtLVNFaItILlU3wJpyJmjLMMNpN1EUxwGnnWB8k/udR6o0k+LeTBLqx3goWMQINlZ66AeSh3oS2yvrTgeVqltzZ0DLxCtIFQo0B5WvfihJGlNhCMda9zw3MX6GlWGE02m5n2qaYDLGQ9qzVOCYaj+bpZ6iU6uEKJLKHmHQTP29keFY59HsZIzNSC96ufif10tNdOVnTCSpoYLMH4pSjoxEeQUoZIoSwyeWYKKYzYrICCtMjC2qbEvwFr+8TNrnNa9eq99dVBvXRR0lOIYTOAMPLqEBt9CEFhBQ8Ayv8OY8OS/Ou/MxH11xip0j+APn8wcmPpL0</latexit>

X can be 
deterministically 

computed

Given                                     and     , recover
<latexit sha1_base64="oRxwcl2/YOpiFLp2tczB/85DsxQ=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguiwMJYJPqQ2lA5jtNadZzIdkBV1P9gYeAhVj6DnQXxN7iPAVqOZPnonHvl4+MnnCntON9WbmFxaXklv2qvrW9sbhW2d+oqTiWhNRLzWDZ9rChngtY005w2E0lx5HPa8PuXI79xR6VisbjRg4R6Ee4KFjKCtZFu237MAzWIzJWdDzuFolNyxkDzxJ2S4tmHfZq8fNnVTuGzHcQkjajQhGOlWq6TaC/DUjPC6dBup4ommPRxl7YMFTiiysvGqYfowCgBCmNpjtBorP7eyHCkRtHMZIR1T816I/E/r5Xq8MTLmEhSTQWZPBSmHOkYjSpAAZOUaD4wBBPJTFZEelhiok1RtinBnf3yPKkfldxyqXztFCsXMEEe9mAfDsGFY6jAFVShBgQkPMATPFv31qP1ar1NRnPWdGcX/sB6/wFi0pYa</latexit>

A
<latexit sha1_base64="oV3t+Q0NH/LoAvcUYvSeq4D3UOw="></latexit>

X
<latexit sha1_base64="QbKpZ+QvS6JOL97JR35+DCpc1cI="></latexit>

Y = AX + E 2 Rñ⇥d

End with hard decision estimate
<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)

effective observation

Start with initialiser              , for 
<latexit sha1_base64="62Uvya5OThRnsDbLcBTCUcbPrV4=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoWxSPQhtaFyHKe16tiR7SBVUUYWfoWFAYRY+QQ2/ganzVBajmT56Jx7de89fsyo0o7zYy0tr6yurZc2yptb2zu79t5+S4lEYtLEggnZ8ZEijHLS1FQz0oklQZHPSNsf3eR++5FIRQW/1+OYeBEacBpSjLSR+vZRzxcsUOPIfGkne3CuZgUn69sVp+pMABeJW5AKKNDo29+9QOAkIlxjhpTquk6svRRJTTEjWbmXKBIjPEID0jWUo4goL50cksETowQwFNI8ruFEne1IUaTy1UxlhPRQzXu5+J/XTXR46aWUx4kmHE8HhQmDWsA8FRhQSbBmY0MQltTsCvEQSYS1ya5sQnDnT14krbOqW6vW7s4r9esijhI4BMfgFLjgAtTBLWiAJsDgCbyAN/BuPVuv1of1OS1dsoqeA/AH1tcvjw+aVQ==</latexit>

X0 = 0
<latexit sha1_base64="joTObCQ6+qKdaHRTZYPyqYEVc38=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilFvaGnHj9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1aq1+8tK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AN2njq4=</latexit>

t � 1

<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

• debias term ensures empirical dist. of rows of 
<latexit sha1_base64="ljsbmyBSj8QleLE6e19vqHo5KQg="></latexit>

(St �X)
d
= gt ⇠ N (0,⌃t)

debias term
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Theorem [Liu, Hsieh, Venkataramanan '24]

Asymp. bit error rate (BER)

For                            , let                   be Lipschitz, then

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.

Asymp. user error rate (UER)

<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)Hard decision estimate:

AMP decoder

<latexit sha1_base64="HidHi+TIAnEQvtM+lTT/BBSX/e0="></latexit>

(st` � x`)
d
= gt ⇠ N (0,⌃t)
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Theorem

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

[Liu, Hsieh, Venkataramanan '24]

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.

Asymp. user error rate (UER)

Asymp. bit error rate (BER)
deterministic

For                            , let                   be Lipschitz, then
<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)Hard decision estimate:

AMP decoder

<latexit sha1_base64="HidHi+TIAnEQvtM+lTT/BBSX/e0="></latexit>

(st` � x`)
d
= gt ⇠ N (0,⌃t)

•                       uniformly distributed among      codewords
•                                  independent of <latexit sha1_base64="DdIW7gs1lcgtuBBobRQu8EJzwrM="></latexit>

x̄

<latexit sha1_base64="NL1QmXlp1A2DjQq1/oQv5u/rMbw="></latexit>

2k
<latexit sha1_base64="OL2bxQlDyxRfKcAjSq5vmLE7nQU="></latexit>

x̄ 2 {±
p
E}d

<latexit sha1_base64="Fvj9zgq6oqLws2Km4Z1zkIHxf98="></latexit>

gt 2 Rd ⇠ N (0,⌃t)
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<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)Hard decision estimate:

AMP decoder

How to choose denoiser                       ?
<latexit sha1_base64="hdyTS4eaMyNuMjNoktQ5woJjans=">AAACEXicdVC7TgJBFJ31ifhCLW0mEhMqsouArBXRxhKNPBIWyewwwITZR2bumpANv2Djr9hYaIytnZ1/4yxgIkZPMsnJOfdm7jluKLgC0/w0lpZXVtfWUxvpza3tnd3M3n5DBZGkrE4DEciWSxQT3Gd14CBYK5SMeK5gTXd0kfjNOyYVD/wbGIes45GBz/ucEtBSN5NzGJAunDkegaHrxteT27g3wQ4EeFHqZrJm3q6USsUCNvOmaRdLJ5rYtm1VLGxpJUEWzVHrZj6cXkAjj/lABVGqbZkhdGIigVPBJmknUiwkdEQGrK2pTzymOvE00QQfa6WH+4HUzwc8VX9uxMRTauy5ejK5Uv32EvEvrx1Bv9KJuR9GwHw6+6gfCazzJvXgHpeMghhrQqjk+lZMh0QSCrrEtC7hOyn+nzQKeaucL18Vs9XzeR0pdIiOUA5Z6BRV0SWqoTqi6B49omf0YjwYT8ar8TYbXTLmOwdoAcb7F+Oknl8=</latexit>

⌘t : Rd ! Rd

• Bayes-optimal
<latexit sha1_base64="xml0I5Fs4ydQRT/riXHLHVsoAtY="></latexit>

xt+1
` =⌘t(s

t
`) = E

⇥
x̄ | x̄+ gt = st`

⇤

<latexit sha1_base64="Mn4g7pnasOLCxuDbCalJlo1YBrg="></latexit>

=
X

x0

x0 ·
exp

�
� 1

2 (x
0 � 2st`)

>(⌃t)�1x0�
P

x̃0 exp
�
� 1

2 (x̃
0 � 2st`)

>(⌃t)�1x̃0�

<latexit sha1_base64="HidHi+TIAnEQvtM+lTT/BBSX/e0="></latexit>

(st` � x`)
d
= gt ⇠ N (0,⌃t)

<latexit sha1_base64="Uf+R5xwNZhnvdrZCUX/pr/Z8wNI="></latexit>

O(d)

• marginal-MMSE
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="2WvxggpqNCYBM4MSPZPZ6XPef+o="></latexit>

=

2

64
E[x̄1 | x̄1 + gt1 = st`,1]

...
E[x̄d | x̄d + gtd = st`,d]

3

75

<latexit sha1_base64="Uf+R5xwNZhnvdrZCUX/pr/Z8wNI="></latexit>

O(d)

<latexit sha1_base64="4RRyrsYC4LWjLkajO0jbEB/sxWs="></latexit>

O(2kd3)

computational cost

• Belief Propagation (BP)

<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="4m1f34YKlYNnem6J5x32l4jOVAQ="></latexit>

⇡

2

64
E[x̄1 | x̄1 + gt1 = st`,1 , parities involving x̄1 satisfied]

...
E[x̄d | x̄d + gtd = st`,d , parities involving x̄d satisfied]

3

75

[Amalladine et al. '22], [Ebert et al. '23]
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<latexit sha1_base64="xtaioJFm59u0sHJsFBU+kdPdsrA="></latexit>

Zt = Y �AXt +
1

ñ
Zt�1

h X

`2[L]

⌘0t�1

�
st�1
`

� i>

Xt+1 =⌘t
�
St� , St = A>Zt +Xt

<latexit sha1_base64="zQWkn6xXo5wqjm79i2hwTI41seg=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUGICGEmSPQiBL14jGgWyDL09HSSJj0L3TVCGOY/vPgrXjwo4knw4N/YWQ4x8UHTj/eqqKrnRoIrsKwfI7Oyura+kd3MbW3v7O6Z+wd1FcaSshoNRSibLlFM8IDVgINgzUgy4ruCNdzhzdhvPDKpeBg8wChiHZ/0A97jlICWHLPUHhBI2m4oPDXy9Zc007SbwJmd4is8cKAw792nXTh1zLxVtCbAy8SekTyaoeqYX20vpLHPAqCCKNWyrQg6CZHAqWBprh0rFhE6JH3W0jQgPlOdZHJbik+04uFeKPULAE/U+Y6E+Gq8na70CQzUojcW//NaMfQuOwkPohhYQKeDerHAEOJxUNjjklEQI00IlVzviumASEJBx5nTIdiLJy+Teqlol4vlu/N85XoWRxYdoWNUQDa6QBV0i6qohih6Qi/oDb0bz8ar8WF8TkszxqznEP2B8f0L9tWh/Q==</latexit>

X̂
t+1

= ht(S
t)Hard decision estimate:

AMP decoder

<latexit sha1_base64="HidHi+TIAnEQvtM+lTT/BBSX/e0="></latexit>

(st` � x`)
d
= gt ⇠ N (0,⌃t)

• Belief Propagation (BP)

<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="4m1f34YKlYNnem6J5x32l4jOVAQ="></latexit>

⇡

2

64
E[x̄1 | x̄1 + gt1 = st`,1 , parities involving x̄1 satisfied]

...
E[x̄d | x̄d + gtd = st`,d , parities involving x̄d satisfied]

3

75

[Amalladine et al. '22], [Ebert et al. '23]

<latexit sha1_base64="Uf+R5xwNZhnvdrZCUX/pr/Z8wNI="></latexit>

O(d)

How to compute Jacobian     ?
<latexit sha1_base64="El4oI89s/dC3MHHxUhAVf6dznWc="></latexit>

⌘0t

debias term
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Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
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variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1
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4
Y

j02N(i)\j

tanh

Å
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L(r�1)
j0!i
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L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

2. Middle rounds:<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j
<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

1. Initialise:

2. Middle rounds:<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes
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<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes

approx. marginal 
posterior probabilities

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j
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approx. marginal 
posterior probabilities

<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln
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p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i
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5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

[Amalladine et al. '22], [Ebert et al. '23]

<latexit sha1_base64="vAQp15PG/hM198FpTmVjpILzqGA="> N9BZzhm15vegt4MpK8kddQVqcrNp8rFe81RbeNG6jcK+1TiM4XnC56OacxVl9cxVFXvWuI20+au0ZG4Nr7BI7D6iLdnVOXSrqu7bouLVb0kc2RuaMYhY2RitOeVJwaqTjNTZXPPxzqOr/5mNgUEhf1REBMXvA8k7NPqBnkJHgziEtw7EKS2VC/zd/VfylgKDiAEx5/LqNlBGzMJu5genJclXt7T4Z7e5Uhc8ICt5qvh3/e3n7W+rLBR2l33VWCdCTJnbC/jbR/ALFW31w+fjR6+ujp2ZMH337T/JXk08HvBn8YPByMBs8G3w4OBpPBbOAO3g3+Nvj74B/rf13/5/q/1v9dSz/+qLH5zUD7rf/n/3IKDis=</latexit>

R

Jacobian has closed form 
expression 

when     < girth of bipartite graph!

13/25



<latexit sha1_base64="grWequOllvLVNhaSHQ+x574S4cI="></latexit>

i

<latexit sha1_base64="LwbTQuRtIeY4yL+KjPPw1NK3kt4="></latexit>

i1

<latexit sha1_base64="dzjDfkJedEOiEcIGrO6lDDpir0E="></latexit>

i2

<latexit sha1_base64="h2VhxCOOhpTqt6bpa4BkMAX5Oyc="></latexit>x`,j

<latexit sha1_base64="5DVKA9L6LvH8+IFtoyrnM+gx1bw="></latexit>x`,j1

<latexit sha1_base64="BAjZpsanolADPuSCr6X6GhlGWww="></latexit>x`,j2

<latexit sha1_base64="GTVyCcVd/S6yru2Gnp9nLBHE3Rc="></latexit>x`,j3

<latexit sha1_base64="gbuuG2/pCIU+V4lBv43VVK5iXq8="></latexit>

st`,j3

<latexit sha1_base64="jzPluVkkHeQAsxtZEGgVUi0dKUU="></latexit>

st`,j2

<latexit sha1_base64="pUS14pr/i4rGoUyqY4C2+jYsHCY="></latexit>

st`,j1

<latexit sha1_base64="5WaioPZKQ+SDj/Zb5SI1HhAXo3E="></latexit>

st`,j

<latexit sha1_base64="iSSw0VEaZknOoQNaUBe4fjf9MsQ="></latexit>

L(R)
i!j

variable 
nodes

<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="rO1gLM0fDdLPuaXR2q4Zui5eq9A="></latexit>

k�d
check 
nodes

<latexit sha1_base64="78PQzk/yB4+R0g2U5Q7Iq2UCBdw="></latexit>

L(0)
j!i = ln

"
p(st`,j |x`,j = +

p
E)

p(st`,j |x`,j = �
p
E)

#
=

2
p
Est`,j
⌃t

j,j

=: L(st`,j)

1. Initialise:

<latexit sha1_base64="IPiFEWvq4Gk0jf2gJcOkTJsZxHU="></latexit>

L(r)
i!j = 2 tanh�1

2

4
Y

j02N(i)\j

tanh

Å
1

2
L(r�1)
j0!i

ã3
5

L(r)
j!i = L(st`,j) +

X

i02N(j)\i

L(r)
i0!j

2. Middle rounds:

3. Terminate after     rounds:
<latexit sha1_base64="GGWs9yCoPS3KNnnuX7xnzpJbB60="></latexit>

R

4. Update AMP estimate:

<latexit sha1_base64="36ZkOE8avLeLW3vo0QtP7Z+bm0c="></latexit>

⇡ E
⇥
x̄j | x̄j + gtj = st`,j , parities satisfied

⇤

<latexit sha1_base64="sdO5/Tfl5yAJUp/TqYvgHqB1LPc="></latexit>

L(R)
j = L(st`,j) +

X

i2N(j)

L(R)
i!j

<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

<latexit sha1_base64="cXP1pkswLhC3TjvmdiiwGuPNfB4="></latexit>⇥
⌘t(s

t
`)
⇤
j
=

p
E tanh

�
L(R)
j /2

�<latexit sha1_base64="PEITabh43IRKiNIDN6dRqh4hgn0="></latexit>

L(R)
j

approx. marginal 
posterior probabilities

Belief Propagation (BP) denoiser
<latexit sha1_base64="46NC4MTsdVrgbTvHDNkNH/PtPU8="></latexit>

xt+1
` =⌘t(s

t
`)

Jacobian has closed form 
expression 

when     < girth of bipartite graph!
[Amalladine et al. '22], [Ebert et al. '23]

<latexit sha1_base64="vAQp15PG/hM198FpTmVjpILzqGA="> N9BZzhm15vegt4MpK8kddQVqcrNp8rFe81RbeNG6jcK+1TiM4XnC56OacxVl9cxVFXvWuI20+au0ZG4Nr7BI7D6iLdnVOXSrqu7bouLVb0kc2RuaMYhY2RitOeVJwaqTjNTZXPPxzqOr/5mNgUEhf1REBMXvA8k7NPqBnkJHgziEtw7EKS2VC/zd/VfylgKDiAEx5/LqNlBGzMJu5genJclXt7T4Z7e5Uhc8ICt5qvh3/e3n7W+rLBR2l33VWCdCTJnbC/jbR/ALFW31w+fjR6+ujp2ZMH337T/JXk08HvBn8YPByMBs8G3w4OBpPBbOAO3g3+Nvj74B/rf13/5/q/1v9dSz/+qLH5zUD7rf/n/3IKDis=</latexit>

R

13/25



Theorem

<latexit sha1_base64="jSZilWCzLydW63iKBag4cjq7pWg="></latexit>

lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} = P

�
ht

�
x̄+ gt

�
6= x̄

�

[Liu, Hsieh, Venkataramanan '24]

<latexit sha1_base64="mjyfF0bYJLD1KbAE0gf/bZp84dU="></latexit>

lim
L!1

1

Ld

LX

`=1

dX

i=1

n
x̂t+1
`,i 6= x`,i

o
=

1

d

dX

i=1

P
�⇥
ht

�
x̄+ gt

�⇤
i
6= x̄i

�
.

deterministic

For                            , let                   be Lipschitz, then
<latexit sha1_base64="xl673mJBz/WIYBiZfvt0FZ+cMyA="></latexit>

A
i.i.d.⇠ N (0, 1/ñ)

<latexit sha1_base64="QvJVqkTLMZcZMQzcoGdaujA6+gI="></latexit>⌘1, . . . , ⌘t

Applies to AMP with BP denoiser!

for i.i.d. Gaussian
<latexit sha1_base64="U/Mir/f/roddNuXjoqK0AZ/qqkI="></latexit>

A

<latexit sha1_base64="mq9XzCn5c+AfaO45oNlf6mzfI9M="></latexit>

lim
L!1

UER :=

<latexit sha1_base64="rk/wg1nX0cbcHPd1dM54vMFYLMI="></latexit>

lim
L!1

BER :=

14/25



<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Spectral efficiency: total # bits / total # channel uses

payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

15/25
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Spectral efficiency: total # bits / total # channel uses

payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

15/25[Zadik, Polyanskiy, Thrampoulidis '19]
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payload 360 bits, target 
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Spectral efficiency: total # bits / total # channel uses

payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

BP denoiser

marginal-MMSE 
denoiser

Thanks to Jossy for BP implementation!

15/25[Zadik, Polyanskiy, Thrampoulidis '19]
[Liu, Hsieh, Venkataramanan '24]
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Spectral efficiency: total # bits / total # channel uses

payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4
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Spectral efficiency: total # bits / total # channel uses

BP denoiser

marginal-MMSE 
denoiser

payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

<latexit sha1_base64="aQ5ibxr5Fhuri6zxTDNLvtPn8EI="></latexit>

S = µk = Lk/n = Lk/(ñd)

Thanks to Jossy for BP implementation!

[Hsieh, Rush, 
Venkataramanan '22]

Can we improve at higher S?
15/25[Zadik, Polyanskiy, Thrampoulidis '19]

[Liu, Hsieh, Venkataramanan '24]



. . .

user 1 user ` user L

A : a1 a` aL

X

x1

x`

·
·
·

xL

<latexit sha1_base64="TMGi0nzn6qliOdIL015+ze4sJpo=">AAAB8XicbZC7SgNBFIZn4y2ut6ilzWIQrMKuRbQRgzaWEcwFkyXMzp4kQ2Znl5mzQljyFjYWimjpg9jbiG/j5FJo4g8DH/9/DnPOCRLBNbrut5VbWl5ZXcuv2xubW9s7hd29uo5TxaDGYhGrZkA1CC6hhhwFNBMFNAoENILB1Thv3IPSPJa3OEzAj2hP8i5nFI11Z7eRixAyOeoUim7JnchZBG8GxYsP+zx5+7KrncJnO4xZGoFEJqjWLc9N0M+oQs4EjOx2qiGhbEB70DIoaQTazyYTj5wj44RON1bmSXQm7u+OjEZaD6PAVEYU+3o+G5v/Za0Uu2d+xmWSIkg2/aibCgdjZ7y+E3IFDMXQAGWKm1kd1qeKMjRHss0RvPmVF6F+UvLKpfKNW6xckqny5IAckmPikVNSIdekSmqEEUkeyBN5trT1aL1Yr9PSnDXr2Sd/ZL3/AMu6lAQ=</latexit>

ñ

Spatially coupled (SC) Gaussian matrix
<latexit sha1_base64="6PWHCF97t0rQ44RMdRLyuzdZcwg="></latexit>

A

<latexit sha1_base64="AkuatJ2Vbpudqo7DUrAjRJQhmdU="></latexit>

Ai`
i.i.d.⇠ N

Å
0,

1

ñ/R
Wr(i),c(`)

ã
, for i 2 [ñ], ` 2 [L]

<latexit sha1_base64="HUGfQQ3zq6TzsMfgz/i9xWTMWMY="></latexit>

for i 2 [ñ], ` 2 [L]

design matrix A

ñ
R

ñ

L
C

L

base matrix W

R

C

1
<latexit sha1_base64="6PWHCF97t0rQ44RMdRLyuzdZcwg="></latexit>

A
combined 

codebook matrix

base matrix white parts are zeros

 [Kudekar, Pfister '10], [Donoho, Javanmard, Montanari '13] [Barbier and Krzakala '17] [Liang, Ma and Ping '17] 
[Hsieh, Rush, Venkataramanan ’21]… 16/25



Spatially coupled (SC) Gaussian matrix
<latexit sha1_base64="6PWHCF97t0rQ44RMdRLyuzdZcwg="></latexit>

A

Example:

<latexit sha1_base64="3sQ51o2Sk5tfYsZUJxsAvLgWaIM="></latexit>

ñ = 35 transmissions

<latexit sha1_base64="ayn01elnG6AF7H3WF9+bpAGWgkM="></latexit>

L = 25 usersusers

17/25
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Example:
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Spatially coupled (SC) Gaussian matrix
<latexit sha1_base64="6PWHCF97t0rQ44RMdRLyuzdZcwg="></latexit>

A

Example:
<latexit sha1_base64="ayn01elnG6AF7H3WF9+bpAGWgkM="></latexit>

L = 25 users
<latexit sha1_base64="3sQ51o2Sk5tfYsZUJxsAvLgWaIM="></latexit>

ñ = 35 transmissions

users

AMP decoder similar to before, but 
now with block-dependent terms 
and denoising functions         for      

<latexit sha1_base64="0p3IoqmQVg4AQJmEYfTy+HAcaW4="></latexit>⌘t,c
<latexit sha1_base64="mjJq/BhYccqVLSyXp7ZHJby7zqU="></latexit>

c 2 [C]

17/25



Theorem [Liu, Hsieh, Venkataramanan '24]for SC Gaussian
<latexit sha1_base64="U/Mir/f/roddNuXjoqK0AZ/qqkI="></latexit>

A

deterministic

Let                      be Lipschitz for            , then<latexit sha1_base64="7CI6MQjzjE7arZVaqyL4ue5eKXo="></latexit>⌘1,c, . . . , ⌘t,c
<latexit sha1_base64="+BvKQ2xXh2NhtABBvdpP9dOyPrI="></latexit>

c 2 [C]
<latexit sha1_base64="43TlYaarzHv7/csGYS6Edq2z06Y="></latexit>

lim
L!1

UER := lim
L!1

1

L

LX

`=1

{x̂t+1
` 6= x`} =

1

C

CX

c=1

P
�
ht,c

�
x̄+ gt

c

�
6= x̄

�

<latexit sha1_base64="AArmCfz4j5NP+jQVaVbYxzEzYrQ="></latexit>

lim
L!1

BER := lim
L!1

1

Ld

LX

`=1

dX

j=1

¶
x̂t+1
`,j 6= x`,j

©
=

1

C

CX

c=1

1

d

dX

j=1

P
Ä⇥
ht,c

�
x̄+ gtc

�⇤
j
6= x̄j

ä

•                       uniformly distributed among      codewords
<latexit sha1_base64="NL1QmXlp1A2DjQq1/oQv5u/rMbw="></latexit>

2k
<latexit sha1_base64="OL2bxQlDyxRfKcAjSq5vmLE7nQU="></latexit>

x̄ 2 {±
p
E}d

•                                  independent of <latexit sha1_base64="DdIW7gs1lcgtuBBobRQu8EJzwrM="></latexit>

x̄
<latexit sha1_base64="v1EWXTqWblKdA33T11DltHfy5bo="></latexit>

gt
c 2 Rd ⇠ N (0,T t

c)
<latexit sha1_base64="isl0KXNPYlAwA8i++T7tim8UANI=">AAACC3icbVDLSsNAFJ34rPUVdekmtAiuSiJSdVdw47KifUATw2QyaYdOHszciCVk78ZfceNCEbf+gDv/xkmbhbYeGOZwzr3ce4+XcCbBNL+1peWV1bX1ykZ1c2t7Z1ff2+/KOBWEdkjMY9H3sKScRbQDDDjtJ4Li0OO0540vC793T4VkcXQLk4Q6IR5GLGAEg5JcvWZ7MfflJFRfZt+wYYjzO3AzG+gDyCAjee7qdbNhTmEsEqskdVSi7epfth+TNKQREI6lHFhmAk6GBTDCaV61U0kTTMZ4SAeKRjik0smmt+TGkVJ8I4iFehEYU/V3R4ZDWayrKkMMIznvFeJ/3iCF4NzJWJSkQCMyGxSk3IDYKIIxfCYoAT5RBBPB1K4GGWGBCaj4qioEa/7kRdI9aVjNRvP6tN66KOOooENUQ8fIQmeoha5QG3UQQY/oGb2iN+1Je9HetY9Z6ZJW9hygP9A+fwAUv5xX</latexit>

⌃t
c

18/25



payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

iid Gaussian design + 
AMP w. BP denoiser

19/25
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payload 360 bits, target 
<latexit sha1_base64="OLlCU6fHPHnjeiR9qSfiMxZqkAM="></latexit>

BER = 10�4

larger base 
matrix

iid Gaussian design + 
AMP w. BP denoiser

SC Gaussian design + 
AMP w. BP denoiser

19/25



What can be achieved without memory or computational constraints? 

What can be achieved with efficient coding schemes?  

random linear coding + AMP decoding

random Gaussian codebooks + maximum-likelihood decoding

Previous work

This talk

Many-user multiple-access

[Polyanskiy '17], [Zadik, Polyanskiy, Thrampoulidis '19], [Polyanskiy, Kowshik '20]

[Hsieh, Rush, Venkataramanan '22] [Liu, Hsieh, Venkataramanan '24]

20/25



(last 5mins of talk)

Many-user multiple-access with random user activity

[Liu, Cobo, Venkataramanan '24]

[Chen, Guo '14], [Ordentlich, Polyanskiy '17], [Yavas, Kostina, Effros '21], [Ngo, Lancho, Durisi, Graell i Amat '23]

What can be achieved without memory or computational constraints? 

What can be achieved with efficient coding schemes?  

21/25



Many-user GMAC with random user activity

• Errors: mis-detections (MD), false alarms (FA), active-user errors (AUE)

Given                , what is minimum             required to achieve target error rates?

Linear scaling regime:                   with                  fixed
<latexit sha1_base64="sR5Q6JkXFxG7b8OBbvnwDJigeGM=">AAACAnicbVDLSsNAFJ3UV62vqitRJFgEF1ISF9Vl0Y0LFy3YBzShTKaTduhkEmZuhBCKG/0UNy4UcdOFX+HOb/AnnD4W2nrgwuGce+fOPV7EmQLL+jIyC4tLyyvZ1dza+sbmVn57p67CWBJaIyEPZdPDinImaA0YcNqMJMWBx2nD61+N/MYdlYqF4haSiLoB7grmM4JBS+38XuqMH0kl7QxuBqfCgdBhwoeknS9YRWsMc57YU1IoHwyr34+Hw0o7/+l0QhIHVADhWKmWbUXgplgCI5wOck6saIRJH3dpS1OBA6rcdLx9YB5rpWP6odQlwByrvydSHCiVBJ7uDDD01Kw3Ev/zWjH4F27KRBQDFWSyyI+5CaE5ysPsMEkJ8EQTTCTTfzVJD0tMQKeW0yHYsyfPk/pZ0S4VS1WdxiWaIIv20RE6QTY6R2V0jSqohgi6R0/oBb0aD8az8Wa8T1ozxnRmF/2B8fEDMZObqA==</latexit>

L, n ! 1
<latexit sha1_base64="t6J7USe2EX/wi+RqHiq5V0UAsIg="></latexit>

µ := L/n
<latexit sha1_base64="guPBZEfl7tGuWaJxMHWFLAjDjEo="></latexit>

µ = L/n
<latexit sha1_base64="IwEcQsiflyC85DanJNRT0eXRWzM=">AAAB7nicbVDLSsNAFL2pr1pfVZduhhZBEGrSRXVZFMGVVLAPaEOYTCft0MkkzEyEEPoRgrhQxK3f465/4/Sx0NYDFw7n3Mu99/gxZ0rb9sTKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHN1G8/UalYJB51GlM3xAPBAkawNlL71vMv7j3bK5btij0DWiXOgpTrpd75y6SeNrzid68fkSSkQhOOleo6dqzdDEvNCKfjQi9RNMZkhAe0a6jAIVVuNjt3jE6N0kdBJE0JjWbq74kMh0qloW86Q6yHatmbiv953UQHV27GRJxoKsh8UZBwpCM0/R31maRE89QQTCQztyIyxBITbRIqmBCc5ZdXSatacWqV2oNJ4xrmyMMJlOAMHLiEOtxBA5pAYATP8AbvVmy9Wh/W57w1Zy1mjuEPrK8fVheR6A==</latexit>

Eb/N0

[Liu, Cobo, Venkataramanan '24]

• Each user active with probability <latexit sha1_base64="XXEhGUQBCCxEPuFDuuCjf2QkvKA="></latexit>↵

encoder

encoder

encoder

noise
msg 1

msg 2

msg L

…

decoder
codewords

<latexit sha1_base64="l6rvcKn0YMgbQowDTi5IZlin9Nc="></latexit>

y =
X

`2[L]

c` + " 2 Rn

<latexit sha1_base64="TghvR7bUheUm5bx6Ob27qvFCtgk=">AAAB+XicbVC9TsMwGHTKXwl/AUYQsqiQmKqEoTBWsDC2Ev2R2qhyHLe16tiR7VSKoo68BQsDCLGy9DnYeAZeAqftAC0nWT7dfZ98viBmVGnX/bIKa+sbm1vFbXtnd2//wDk8aiqRSEwaWDAh2wFShFFOGppqRtqxJCgKGGkFo7vcb42JVFTwB53GxI/QgNM+xUgbqec4tt0NBAtVGpkrSyc9p+SW3RngKvEWpFQ9nda/H8+mtZ7z2Q0FTiLCNWZIqY7nxtrPkNQUMzKxu4kiMcIjNCAdQzmKiPKzWfIJvDBKCPtCmsM1nKm/NzIUqTyamYyQHqplLxf/8zqJ7t/4GeVxognH84f6CYNawLwGGFJJsGapIQhLarJCPEQSYW3Ksk0J3vKXV0nzquxVypW6aeMWzFEEJ+AcXAIPXIMquAc10AAYjMETeAGvVmY9W2/W+3y0YC12jsEfWB8/JrWXFQ==</latexit>y

<latexit sha1_base64="+fkq53s3Qv8cMr9v3Z3S9cX7BHk=">AAAB+3icbVC9TsMwGHT4LeEvFImFJaJCYqqSDoWxKgtjK9EfqY0ix3Faq44d2Q6iivIqLAwgBCNvwBOwsfAsOG0HaDnJ8unu++TzBQklUjnOl7G2vrG5tV3aMXf39g8OraNyV/JUINxBnHLRD6DElDDcUURR3E8EhnFAcS+YXBd+7w4LSTi7VdMEezEcMRIRBJWWfKtsmsOA01BOY31lKPdrvlVxqs4M9ipxF6TSOGl/k7fmR8u3PochR2mMmUIUSjlwnUR5GRSKIIpzc5hKnEA0gSM80JTBGEsvm2XP7XOthHbEhT5M2TP190YGY1mE05MxVGO57BXif94gVdGVlxGWpAozNH8oSqmtuF0UYYdEYKToVBOIBNFZbTSGAiKl6zJ1Ce7yl1dJt1Z169V6W7fRBHOUwCk4AxfABZegAW5AC3QAAvfgATyBZyM3Ho0X43U+umYsdo7BHxjvPylql5o=</latexit>c2

<latexit sha1_base64="sA/N1Ti/JkY7Ym6wVabS7Nx1Iqg="></latexit>

"
i.i.d.⇠ N (0, N0/2)

<latexit sha1_base64="DRObb24EL6eHQ2wSTDQ4G5L98tU="></latexit>

kc`k22  E := Ebk

bits
<latexit sha1_base64="+GiiitzagSjRg6K+ORTO+1u3tiA=">AAAB9HicbVA9SwNBEJ2LX/H8ilraHAbBKtxZqI0YtLGMYD4gOcLeZpIs2ds7d/cC4cjvsLFQgq1/w95G/DduLik08cHA472ZnZ0XxJwp7brfVm5ldW19I79pb23v7O4V9g9qKkokxSqNeCQbAVHImcCqZppjI5ZIwoBjPRjcTv36EKVikXjQoxj9kPQE6zJKtJH8VvZCGvAEx4N2oeiW3AzOMvHmpHj9YV/Fky+70i58tjoRTUIUmnKiVNNzY+2nRGpGOY7tVqIwJnRAetg0VJAQlZ9mK8fOiVE6TjeSpoR2MvX3REpCpUZhYDpDovtq0ZuK/3nNRHcv/ZSJONEo6GxRN+GOjpxpAk6HSaSajwwhVDLzV4f2iSRUm5xsE4K3ePIyqZ2VvPPS+b1bLN/ADHk4gmM4BQ8uoAx3UIEqUHiEJ3iBV2toPVsT623WmrPmM4fwB9b7D86/lco=</latexit>

k
<latexit sha1_base64="K42KOXC4yUG+0yTz2b7M0dRShAU=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48tmB/oF2WbDbbhmaTJckWy9I38eJBEcGTr+ATePPis5hte9DWgZBh5vvIZIKEUaUd58sqrK1vbG4Vt0s7u3v7B/bhUVuJVGLSwoIJ2Q2QIoxy0tJUM9JNJEFxwEgnGN3kfmdMpKKC3+lJQrwYDTiNKEbaSL5t9wPBQjWJzZXdT33Xt8tOxZkBrhJ3Qcq1k+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa6qeKJAiP0ID0DOUoJsrLZsmn8NwoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpkS3OUvr5L2ZcWtVqpN00YdzFEEp+AMXAAXXIEauAUN0AIYjMEDeALPVmY9Wi/W63y0YC12jsEfWO8/3gyXhg==</latexit>x1

<latexit sha1_base64="Amy/5e8hnSsJyEkqvlPnfrhysgE=">AAAB+XicbVDNSgMxGMz6W+vfquDFS7AInspuD9VjqRePLdgfaJclm822odlkSbLFsvRNvHhQRPDkK/gE3rz4LGbbHrR1IGSY+T4ymSBhVGnH+bLW1jc2t7YLO8Xdvf2DQ/vouK1EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjG5yvzMmUlHB7/QkIV6MBpxGFCNtJN+2+4FgoZrE5srup37Ft0tO2ZkBrhJ3QUq10+Y3fat/NHz7sx8KnMaEa8yQUj3XSbSXIakpZmRa7KeKJAiP0ID0DOUoJsrLZsmn8MIoIYyENIdrOFN/b2QoVnk4MxkjPVTLXi7+5/VSHV17GeVJqgnH84eilEEtYF4DDKkkWLOJIQhLarJCPEQSYW3KKpoS3OUvr5J2pexWy9WmaaMO5iiAM3AOLoELrkAN3IIGaAEMxuABPIFnK7MerRfrdT66Zi12TsAfWO8/35CXhw==</latexit>x2

<latexit sha1_base64="YKyZmSmGBPk8Vc5KvI4HGKiZqQ4=">AAAB+XicbVC9TsMwGHT4LeUvgMTCYlEhMVUJQ2GsysLA0Er0R2qjyHGc1qpjR7ZTUUV9ExYGEEJi4hV4AjYWngWn7QAtJ1k+3X2ffL4gYVRpx/myVlbX1jc2C1vF7Z3dvX374LClRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvc789IlJRwe/0OCFejPqcRhQjbSTftnuBYKEax+bK7if+rW+XnLIzBVwm7pyUqseNb/pW+6j79mcvFDiNCdeYIaW6rpNoL0NSU8zIpNhLFUkQHqI+6RrKUUyUl02TT+CZUUIYCWkO13Cq/t7IUKzycGYyRnqgFr1c/M/rpjq68jLKk1QTjmcPRSmDWsC8BhhSSbBmY0MQltRkhXiAJMLalFU0JbiLX14mrYuyWylXGqaNGpihAE7AKTgHLrgEVXAD6qAJMBiBB/AEnq3MerRerNfZ6Io13zkCf2C9/wAHB5eh</latexit>xL

<latexit sha1_base64="cUlVgDthGGMpM6OdT47WjMT+6cE=">AAAB+XicbVDNSgMxGMzWv1r/VgUvXoJF8FR2PVSPpV48eGjB/kC7LNlstg3NJkuSLZSlb+LFgyKCJ1/BJ/DmxWcx2/agrQMhw8z3kckECaNKO86XVVhb39jcKm6Xdnb39g/sw6O2EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6yf3OmEhFBb/Xk4R4MRpwGlGMtJF82+4HgoVqEpsrw1P/zrfLTsWZAa4Sd0HKtZPmN32rfzR8+7MfCpzGhGvMkFI910m0lyGpKWZkWuqniiQIj9CA9AzlKCbKy2bJp/DcKCGMhDSHazhTf29kKFZ5ODMZIz1Uy14u/uf1Uh1dexnlSaoJx/OHopRBLWBeAwypJFiziSEIS2qyQjxEEmFtyiqZEtzlL6+S9mXFrVaqTdNGHcxRBKfgDFwAF1yBGrgFDdACGIzBA3gCz1ZmPVov1ut8tGAtdo7BH1jvP+bll4w=</latexit>cL

<latexit sha1_base64="4DH5HIrsVz6mTU3xZzjeYUuEEPE=">AAACI3icbVDJSgNBEO1xjXEb9eilSRAEJcx4iOIp6MWDhwhmgUwIPT2dpEnPQneNOAzzF36AF3/FiwcleMnBf7GzHDRJQVOP96qqq54bCa7AskbGyura+sZmbiu/vbO7t28eHNZVGEvKajQUoWy6RDHBA1YDDoI1I8mI7wrWcAe3Y73xxKTiYfAIScTaPukFvMspAU11zOu8kzp9AqnjhsJTia9T+pxlHfscO14ISqdl8r2TdcyiVbImgReBPQPFSsE5exlVkmrHHOqJNPZZAFQQpVq2FUE7JRI4FSzLO7FiEaED0mMtDQPiM9VOJzdm+EQzHu6GUr8A8IT925ESX43305U+gb6a18bkMq0VQ/eqnfIgioEFdPpRNxYYQjw2DHtcMgoi0YBQyfWumPaJJBS0rXltgj1/8iKoX5Tscqn8oN24QdPIoWNUQKfIRpeogu5QFdUQRa/oHX2iL+PN+DCGxve0dMWY9Ryhf2H8/AIZf6jQ</latexit>

{x̂1, . . . , x̂L}

<latexit sha1_base64="FCXfqogRuff8S+lzZVugmqvR/W4=">AAACCHicbVC7TsMwFHXKq5RXgZEBiwqJqUoQKrBVYmEsiD6kJlSO47RWHTuyHaQqysjCr7AwgBArn8DG3+C0GaDlSJaPzj1X997jx4wqbdvfVmlpeWV1rbxe2djc2t6p7u51lEgkJm0smJA9HynCKCdtTTUjvVgSFPmMdP3xVV7vPhCpqOB3ehITL0JDTkOKkTbSoHro+oIFahKZL8XZwHEpdyOkR76f3mb3xlGz6/YUcJE4BamBAq1B9csNBE4iwjVmSKm+Y8faS5HUFDOSVdxEkRjhMRqSvqEcRUR56fSQDB4bJYChkOZxDafq744URSrf1TjzHdV8LRf/q/UTHV54KeVxognHs0FhwqAWME8FBlQSrNnEEIQlNbtCPEISYW2yq5gQnPmTF0nntO406o2bs1rzsoijDA7AETgBDjgHTXANWqANMHgEz+AVvFlP1ov1bn3MrCWr6NkHf2B9/gDLS5p0</latexit>

c1 2 Rn
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[Liu, Cobo, Venkataramanan '24]

Random binary-CDMA

. . .

user 1 user ` user L

A : a1 a` aL

X

x1

x`

·
·
·

xL

binary symbols
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d
<latexit sha1_base64="SYBE8rSxET/FkLOm4U43L+ZpJbo=">AAAB+3icdVBNS8NAEN3Ur1q/aj16WVoEQShJbWtzK4rgsYJthSaUzXbbLt1s4u5GDCH/wrMXD4p49Y94679x2yqo6IOBx3szzMzzQkalMs2pkVlaXlldy67nNja3tnfyu4WODCKBSRsHLBDXHpKEUU7aiipGrkNBkO8x0vUmZzO/e0uEpAG/UnFIXB+NOB1SjJSW+vmCQ7mTOKHvyBuhkvPUSfv5klm2G7VatQLNsmna1dqxJrZtWw0LWlqZodQsOkf302bc6uffnUGAI59whRmSsmeZoXITJBTFjKQ5J5IkRHiCRqSnKUc+kW4yvz2FB1oZwGEgdHEF5+r3iQT5Usa+pzt9pMbytzcT//J6kRo23ITyMFKE48WiYcSgCuAsCDiggmDFYk0QFlTfCvEYCYSVjiunQ/j6FP5POpWyVS/XL3Uap2CBLNgHRXAILHACmuACtEAbYHAHHsATeDZS49F4MV4XrRnjc2YP/IDx9gFanphP</latexit>

2 {±
p
E}

# channel uses
<latexit sha1_base64="o08EN1Q8VOK960WRUSsxXihQYG8=">AAAB8nicbZDLSsNAFIYn9VbjrerSTbAIrkrioropFt24rGAvkIYymUzaoZOZMHMilNDHcONCkW59D/duxLdxello6w8DH/9/DnPOCVPONLjut1VYW9/Y3Cpu2zu7e/sHpcOjlpaZIrRJJJeqE2JNORO0CQw47aSK4iTktB0Ob6d5+5EqzaR4gFFKgwT3BYsZwWAsX9S6wHhEczHulcpuxZ3JWQVvAeXrD7uWTr7sRq/02Y0kyRIqgHCste+5KQQ5VsAIp2O7m2maYjLEfeobFDihOshnI4+dM+NETiyVeQKcmfu7I8eJ1qMkNJUJhoFezqbmf5mfQXwV5EykGVBB5h/FGXdAOtP9nYgpSoCPDGCimJnVIQOsMAFzJdscwVteeRVaFxWvWqneu+X6DZqriE7QKTpHHrpEdXSHGqiJCJLoCb2gVwusZ+vNmsxLC9ai5xj9kfX+A+ralK8=</latexit>

n = ñ
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d

<latexit sha1_base64="TMGi0nzn6qliOdIL015+ze4sJpo=">AAAB8XicbZC7SgNBFIZn4y2ut6ilzWIQrMKuRbQRgzaWEcwFkyXMzp4kQ2Znl5mzQljyFjYWimjpg9jbiG/j5FJo4g8DH/9/DnPOCRLBNbrut5VbWl5ZXcuv2xubW9s7hd29uo5TxaDGYhGrZkA1CC6hhhwFNBMFNAoENILB1Thv3IPSPJa3OEzAj2hP8i5nFI11Z7eRixAyOeoUim7JnchZBG8GxYsP+zx5+7KrncJnO4xZGoFEJqjWLc9N0M+oQs4EjOx2qiGhbEB70DIoaQTazyYTj5wj44RON1bmSXQm7u+OjEZaD6PAVEYU+3o+G5v/Za0Uu2d+xmWSIkg2/aibCgdjZ7y+E3IFDMXQAGWKm1kd1qeKMjRHss0RvPmVF6F+UvLKpfKNW6xckqny5IAckmPikVNSIdekSmqEEUkeyBN5trT1aL1Yr9PSnDXr2Sd/ZL3/AMu6lAQ=</latexit>

ñ

or all zeros

•                               with probability    , or all-zero with probability
<latexit sha1_base64="KggosP0bh0qdmPSB5ObeFr/8bwg=">AAAB6HicdZDLSsNAFIYn9VbjrerSzWARXIWktrVZiEU3LluwF2hDmUwm7djJhZmJUEKfwI0LRdzqw7h3I76Nk1ZBRX8Y+Pn+c5hzjhszKqRpvmu5hcWl5ZX8qr62vrG5VdjeaYso4Zi0cMQi3nWRIIyGpCWpZKQbc4ICl5GOOz7P8s414YJG4aWcxMQJ0DCkPsVIKtT0BoWiadi1SqVcgqZhmna5cqSMbdtWzYKWIpmKpy/6Sfz8pjcGhde+F+EkIKHEDAnRs8xYOinikmJGpno/ESRGeIyGpKdsiAIinHQ26BQeKOJBP+LqhRLO6PeOFAVCTAJXVQZIjsTvLIN/Zb1E+jUnpWGcSBLi+Ud+wqCMYLY19CgnWLKJMghzqmaFeIQ4wlLdRldH+NoU/m/aJcOqGtWmWayfgbnyYA/sg0NggWNQBxegAVoAAwJuwB241660W+1Be5yX5rTPnl3wQ9rTB67FkIs=</latexit>

d<latexit sha1_base64="1cNJYyl4okIvbxwr4wqxLPycdEg="></latexit>

x` 2 {±
p
E} ⇠ px̄ <latexit sha1_base64="XXEhGUQBCCxEPuFDuuCjf2QkvKA="></latexit>↵

<latexit sha1_base64="9eW/yrn6VDQtVfBvLhsZYl6GNJQ="></latexit>

(1� ↵)

• AMP decoder can be adapted to this prior distribution

• Asymptotic                           can be precisely quantified<latexit sha1_base64="jzX+EEh5CRRvE2TBaid63ABJSSk="></latexit>pMD, pFA, pAUE
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random binary-CDMA + AMP decoding

[Liu, Cobo, Venkataramanan '24]

user payload             ,
<latexit sha1_base64="PCUCZCPEhYpzuRGsd3MaVXOUGd0=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQitRuh6MZlBfuANpTJdNoOnUzCPIQa+iVuXCji1k9x5984TbPQ1gMXDufcO3fuCRPOlPa8b2dtfWNza7uwU9zd2z8ouYdHLRUbSWiTxDyWnRArypmgTc00p51EUhyFnLbDye3cbz9SqVgsHvQ0oUGER4INGcHaSn231MveSENu6GxyXeu7Za/iZUCrxM9JGXI0+u5XbxATE1GhCcdKdX0v0UGKpWaE01mxZxRNMJngEe1aKnBEVZBmS2fozCoDNIylLaFRpv6eSHGk1DQKbWeE9Vgte3PxP69r9LAWpEwkRlNBFouGhiMdo3kKaMAkJZpPLcFEMvtXRMZYYqJtVkUbgr988ippXVT8aqV6f1mu3+RxFOAETuEcfLiCOtxBA5pAwMAzvMKb8+S8OO/Ox6J1zclnjuEPnM8f7ZOTRw==</latexit>

k = 8
<latexit sha1_base64="mnZvXxhgmYYsvSuqJVd1uttgiJs=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ0/MehCCXjxGMAsmIfR0OkmTnp6hu0cIQ/7CiwdFvPo33vwbO4ugog8KHu9VUVXPjwTXBuMPZ2V1bX1jM7WV3t7Z3dvPHBw2dBgryuo0FKFq+UQzwSWrG24Ea0WKkcAXrOmPr2Z+854pzUN5ayYR6wZkKPmAU2KsdNchIhqRC+yWepksdisVnPcqCLsFjHPloiX4PFcuFJDn4jmysEStl3nv9EMaB0waKojWbQ9HppsQZTgVbJruxJpFhI7JkLUtlSRgupvML56iU6v00SBUtqRBc/X7REICrSeBbzsDYkb6tzcT//LasRmUuwmXUWyYpItFg1ggE6LZ+6jPFaNGTCwhVHF7K6Ijogg1NqS0DeHrU/Q/aeRcr+gWb/LZ6uUyjhQcwwmcgQclqMI11KAOFCQ8wBM8O9p5dF6c10XrirOcOYIfcN4+AdpBkGk=</latexit>

↵ = 0.7
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[Liu, Cobo, Venkataramanan '24]

Asymptotic achievability bounds: 

• based on random linear coding + AMP decoding


• scheme impractical for larger   , but its asymptotic 
performance can be precisely and efficiently characterised

<latexit sha1_base64="TJDtIgNjRPYDvSFbTTcu3t4dnjU="></latexit>

k

<latexit sha1_base64="t7Qo/yGcaV1lx1zNWsPDlVM0Z0E="></latexit>

ptotal = max{pMD, pFA}+ pAUE  0.01target error 

user payload          , <latexit sha1_base64="S+u9H4HuE3fXJgBnOBe0tr501vk="></latexit>

↵ = 0.7
<latexit sha1_base64="CYh2LkJt6RyU/nm6jDl5LMze/PU="></latexit>

k = 6
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Summary

• Exact asymptotic error guarantees

• Near-optimal performance for larger payloads  via 
<latexit sha1_base64="TJDtIgNjRPYDvSFbTTcu3t4dnjU="></latexit>

k

random binary-CDMA with outer code + AMP decoding with BP denoiser

•Memory and computational costs linear in payload
<latexit sha1_base64="TJDtIgNjRPYDvSFbTTcu3t4dnjU="></latexit>

k

Many-user Gaussian multiple-access [Liu, Hsieh, Venkataramanan '24]

• Extension to incorporate random user activity [Liu, Cobo, Venkataramanan '24]

X. Liu, K. Hsieh, and R. Venkataramanan, Coded many-user multiple access via Approximate Message Passing,  
https://arxiv.org/abs/2402.05625, 2024 

X. Liu, P. Pascual Cobo, and R. Venkataramanan, Many-user multiple access with random user activity (to appear 
at ISIT 2024)
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