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From validity to e!ciency
Consider an e-process M = (Mt)t→1.
Validity: EP[Mt ] → 1 ↑t ↓ 1
E!ciency: maximise EQ[Mt ] EQ[log Mt ]

Example:
• (Xt)t→1 iid with P = Bern(0.5) vs. Q = Bern(0.6)
• For a parameter ω ↔ [0, 1], let

Et =
{

1 + ω, if Xt = 1
1 ↗ ω, if Xt = 0

for t ↓ 1

=↘ EP[Et ] = 0.5(1 + ω) + 0.5(1 ↗ ω) = 1, so Et is an e-variable for P
=↘ Mt =

∏t
i=1

Ei for t ↓ 1 is an e-process for P
• EQ[Mt ] = tEQ[E1] = t(1 + 0.2ω) is maximised at ω = 1
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Maximise EQ
[Mt ] for e!ciency?

Example: (Xt)t→1 iid with P = Bern(0.5) vs. Q = Bern(0.6). Mt =
∏t

i=1
Ei with Et =

{
1 + ω Xt = 1

1 → ω Xt = 0

Figure: Mt =
∏t

i=1
Ei under Q, with 6000 runs.

Mean path: In ω = 1 case, only
the all-ones path X1, . . . , Xt = 1
contributes to EQ[Mt ] with tiny
probability 0.6t

Typical path?

1
t

log Mt
Q-a.s.

↗↗↗≃
t↑↓

EQ[log E1]

↘ median(Mt) ⇐ e
tEQ

[log E1]
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Maximise EQ
[log Mt ] for e!ciency

• Evidence multiplies (sums)
=↘ Typical path governed by geometric (arithmetic) mean
=↘ Look at logs

• EQ[log Mt ]: e-power/expected log-growth
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Simple P vs. simple Q

The Likelihood Ratio (LR) process M
↔ given by M

↔
0

= 1 and M
↔
t = dQ|Ft

dP|Ft
(X1, . . . , Xt) for t ↓ 1 is

a test martingale for P.

Theorem (Log-optimality)

For any stopping time ε that is finite Q-a.s. and any e-process M for P:

EQ[log M
↔
ω ] ↓ EQ[log Mω ].

Proof. For fixed t, setting Mt = M
↔
t maximises EQ[log Mt ] (presented by François) + Reduction

Next: Going back to our Bernoulli example...
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Simple P vs. simple Q: log-optimality of LR process
Example: (Xt)t→1 iid with P = Bern(0.5) vs. Q = Bern(0.6). Mt =

∏t
i=1

Ei with Et as a function of ω ↑ [0, 1].

Figure: Mt =
∏t

i=1
Ei under Q, with 6000 runs.

LR process: M
↔
t =

∏t
i=1

dQ
dP (Xi)

Remarks:
• For every fixed t,

EQ[log M
↔
t ] ↓ EQ[log Mt ]

=
∑t

i=1
EQ[log

dQ
dP (Xi )] = t · KL(Q↓P)

• Asymptotically,

Power Q
(
Mt ↓

1

ε

)
↗↗↗≃
t↑↓

1
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Simple P vs. composite Q

Definition (Asymptotic log-optimality)

An e-process M is asymptotically log-optimal for P against Q if for every Q ↔ Q,

lim
t↑↓

1

t

(
log Mt ↗ log M

Q
t

)
↓ 0 in L

1-convergence under Q

where M
Q is the oracle LR process of Q to P.

• Requires at least the same long-run log-growth rate as M
Q

• Covers any e-process M that grows an e
o(t) factor slower than M

Q

Definition (Consistency)

An e-process M is said to be consistent against Q if Mt ≃ ⇒, Q-a.s. as t ≃ ⇒.
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Simple P vs. composite Q

Example: Testing P against Q = {Qϑ : ϑ ↔ !1} with iid data.

Plug-in LR: Set M0 = 1, and for t ↓ 1 use Mt =
∏t

i=1

qω̂i→1
(Xi )

p(Xi )
with predictable ϑ̂i↗1 ↔ !1

Proposition (informal)

Plug-in is asymptotically log-optimal when ϑi ≃ ϑ under Qϑ in a suitable sense, given log-LR is
concave, score function has bounded variance.
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Example: Given iid data from N(ε†, 1), goal is to test H0 : ε† = 0 vs H1 : ε† > 0. For illustration, take ε† = 0.3.

Figure: Few ways of constructing e-processes from LR processes.

(i) true parameter: choose εi = ε† = 0.3
(ii) misspecified: choose εi = 0.1
(iii) random: take iid εi from U[0, 0.5]

(iv) MAP: choose εi by the MAP estimator with prior ε ↔ N(0.1, 0.22)

(v) MLE: choose εi with ε1 := 0.1 and εi the MLE of ε based on X1, . . . , Xi↑1
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Testing by betting
Key idea: e-process for P = wealth of a bettor wagering against P

Initialize wealth M0 = 1.
For t = 1, 2, . . .:

• Declare a bet Et : X ≃ [0, ⇒) with EP[Et(Xt) | Ft↗1] → 1 ↑P ↔ P.
• Observe data Xt .
• Update wealth: Mt = Mt↗1 · Et(Xt) =

∏t
s=1

Es(Xs).

Proposition

If EP[Et | Ft↗1] → 1 for all P ↔ P and t ↓ 1, then Mt =
∏t

s=1
Es for t ↓ 1 with M0 = 1 is a test

supermartingale (hence e-process) for P.

Proof. EP[Mt | Ft↗1] = Mt↗1 EP[Et | Ft↗1] → Mt↗1 for every P ↔ P.
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Testing by betting
Key idea: e-process for P = wealth of a bettor wagering against P

Initialize wealth M0 = 1.
For t = 1, 2, . . .:

• Declare a bet Et : X ≃ [0, ⇒) with EP[Et(Xt) | Ft↗1] → 1 ↑P ↔ P.
• Observe data Xt .
• Update wealth: Mt = Mt↗1 · Et(Xt) =

∏t
s=1

Es(Xs).

Question: What are the optimal bets?

• For simple P = {P} and Q = {Q}, Et(Xt) = q(Xt |Ft→1)

p(Xt |Ft→1)
ensures (Mt)t→0 is log-optimal.

• For composite P and Q,
(i) No known analogue of the LR increments that makes (Mt)t→0 log-optimal;
(ii) Compromise: Avoid all-in; pick stake ϖt ↔ [0, 1] to hedge misspecification.
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Testing by betting (composite P vs. Q)
Initialize wealth M0 = 1.
For t = 1, 2, . . .:

• Declare a bet Et : X ≃ [0, ⇒) with EP[Et(Xt) | Ft↗1] → 1 ↑P ↔ P.
• Choose stake ϖt ↔ [0, 1].
• Observe data Xt .
• Update wealth: Mt = (1 ↗ ϖt)Mt↗1 · 1︸ ︷︷ ︸

guaranteed wealth

+ ϖtMt↗1 · Et︸ ︷︷ ︸
risky payo!

=
∏t

s=1

(
(1 ↗ ϖs) + ϖs Es

)

Proposition

(Mt)t→0 is a test supermartingale (hence e-process) for P.

Proof. EP[(1 ↗ ϖt) + ϖtEt | Ft↗1] → (1 ↗ ϖt) + ϖt · 1 = 1 for every P ↔ P.

Next: How to optimise the stakes (ϖt)t→1?
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Optimising predictable stakes (ωt)t↓1

Definitions

(i) For an alternative measure Q, the oracle e-process built on (Et)t→1 is (Mt)t→0 with

ϖt ↔ arg max
ϖ↘[0,1]

EQ[
log

(
(1 ↗ ϖ) + ϖEt

)
| Ft↗1

]
.

(ii) For ϱ ↔ (0, 1], the empirically adaptive e-process is (Mt)t→0 with

ϖt ↔ arg max
ϖ↘[0,ϱ]

1
t ↗ 1

t↗1∑

s=1

log
(
(1 ↗ ϖ) + ϖEs

)
, ϖ1 = 0.

Remarks:
• Choose ϖt to maximise the (empirical) e-power of (1 ↗ ϖt) + ϖtEt given Ft↗1.
• (Mt)t→0 from (i) is log-optimal among e-processes built on (Et)t→1

• (Mt)t→0 from (ii) has good e-power & power if (Et)t→1 are roughly iid under Q.

Next: Going back to our iid Bernoulli example...
25 / 35



Example:
• (Xt)t→1 iid from Bern(p), with H0 : p → 0.5 vs. H1 : p ↓ 0.55.

• For t ↓ 1, let

Et =
{

2, if Xt = 1
0, if Xt = 0

=↘ EP[Et(Xt) | Ft↗1] → 0.5 · 2 + 0.5 · 0 = 1 for p → 0.5.

• Nature picks Q = Bern(0.6).
• Oracle e-process built on (Et)t→1 bets with

ϖt = 0.2 ↔ arg max
ϖ↘[0,1]

EQ[
log

(
(1 ↗ ϖ) + ϖEt

)]
.

• Empirically adaptive e-process bets with

ϖt ↔ arg max
ϖ↘[0,1]

1
t ↗ 1

t↗1∑

s=1

log
(
(1 ↗ ϖ) + ϖEs

)
, ϖ1 = 0.
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Remarks:
• oracle e-process is log-optimal

among e-processes built on (Et)t→1

• empirically-adaptive e-process
• lies between oracle and all-in
• stakes concentrate as t ≃ ⇒

• more aggressive at the start
• has good e-power & power

when (Et)t→1 iid under Q
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Empirically adaptive e-processes

Theorem

Let (Et)t→1 be iid under the alternative distribution Q such that EQ[log E1] is finite. The
empirically adaptive e-process (Mt)t→0 with ϱ = 1 satisfies the following:

(i) Asymptotic log-optimality in the sense that

lim
t↑↓

1

t

(
log Mt ↗ log M

Q
t

)
↓ 0 in L

1-convergence under Q

with the oracle e-process (MQ
t )t→0 built on (Et)t→1.

(ii) Consistency, i.e., if EQ[E1] > 1, then Mt ≃ ⇒ Q-a.s. as t ≃ ⇒.

Proof.

(i) follows from LLN.

(ii) due to for E ↓ 0, EQ[E ] > 1 ⇑↘ ⇓ϖ ↔ [0, 1] s.t. EQ[log ((1 ↗ ϖ) + ϖE )] > 0.
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