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3. Efficiency: e-processes under Q

14/35



From validity to efficiency

Consider an e-process M = (M;);>1.
Validity: EF[M,] <1Vt >1
Efficiency: maximise B4 EC[log M, ]

Example:
® (X;)¢>1 iid with P = Bern(0.5) vs. Q = Bern(0.6)
® For a parameter « € [0, 1], let

1 if Xy =1
Eo={ T T for t > 1
1—k, ifX;=0

= EF[E] =05(1+ k) +0.5(1 — k) =1, so E; is an e-variable for P
= M, =]j_, E for t > 1 is an e-process for P

o EQ[M,] = tEQ[E;] = t(1 + 0.2k) is maximised at x = 1
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Maximise E©[M;] for efficiency?

1+ Xe=1

Example: (X;):>1 iid with P = Bern(0.5) vs. Q = Bern(0.6). M; = H,Ll E; with E; = {1 X —0
> = K X =

1023 i
1017 - Mean path: In kK =1 case, only
Lot the all-ones path Xi,..., X; =1
contributes to E2[M,] with tiny
10 1 probability 0.6
g 1071 4
Typical path?
1077 p
1074 4 Iog M, L2, E%[log £]
t—00
10719 { —— k=1, FY[M] 25-75% band =~ --- et &llogkil Elog £
— K=02, %My 25-75% band -~ et'=ogEi] = median(M,) ~ e'* [°eFll
1072 T T T T T
0 50 100 150 200 250 300

t

Figure: My = HLI E; under QQ, with 6000 runs. )
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Maximise E%[log M,] for efficiency

¢ Evidence multiplies {sttmsy
= Typical path governed by geometric (arithmetie) mean

— Look at logs

® E%[log M,]: e-power/expected log-growth
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3. Efficiency: e-processes under Q
3.1 Simple P vs. simple Q
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Simple P vs. simple

The Likelihood Ratio (LR) process M* given by M§ =1 and M} = f;g‘l? (Xi,..., %) fort > 1is
a test martingale for P.

Theorem (Log-optimality)

For any stopping time 7 that is finite Q-a.s. and any e-process M for [P
E%[log M;] > E%[log M.].

Proof. For fixed t, setting M, = M; maximises E%[log M,] (presented by Francois) + Reduction

Next: Going back to our Bernoulli example...
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Simple P vs. simple Q: log-optimality of LR process

Example: (X¢);>; iid with P = Bern(0.5) vs. Q = Bern(0.6). M;

1023 i
1017 i
1011 4
105 i
T o1 feemmEEEEEEE T
10—7 p
1o-13 ] ~77 k=05 eEllogM 25-75% band
——= k=1, efllogM] 25-75% band
10-10 === k=0.2, ellogM 25-75% band
........ et KL@IIP) — la
102 . ; : . :
0 50 100 150 200 250 300
t
. t .
Figure: M, = Hl.:l E; under Q, with 6000 runs.

H:Zl E; with E; as a function of x € [0, 1].

LR process: M} =[];_, ‘é%(X;)

Remarks:
® For every fixed t,

E2[log M;] > E2[log M]

=i, E%llog GF (X))] = t- KL(Q|[P)
® Asymptotically,

Power Q(M; > 1) —— 1

@ t—o0
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3. Efficiency: e-processes under Q

3.2 Simple P vs. composite Q
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Simple P vs. composite Q

Definition (Asymptotic log-optimality)
An e-process M is asymptotically log-optimal for P against Q if for every Q € O,

% (Iog M; — log M?) >0 in L'-convergence under Q

lim
t—00
where M@ is the oracle LR process of Q to P.

® Requires at least the same long-run log-growth rate as M@

e Covers any e-process M that grows an e°(t) factor slower than M@

Definition (Consistency)

An e-process M is said to be consistent against Q if M; — oo, Q-a.s. as t — oo.
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Simple P vs. composite Q

Example: Testing PP against Q = {Qyp : 6 € ©;} with iid data.

s (X .
Plug-in LR: Set My = 1, and for t > 1 use M, = [, %;&f) ) with predictable #;_; € ©;

Proposition (informal)

Plug-in is asymptotically log-optimal when 6; — 6 under Qg in a suitable sense, given log-LR is
concave, score function has bounded variance.

21/35



Example: Given iid data from N(0T,1), goal is to test Ho : 87 = 0 vs #1 : 6T > 0. For illustration, take 6T = 0.3.

Single Run Average of 300 Runs
25 —— (i) true parameter
(ii) misspecified
20— (!u) random
(iv) MAP
(v) MLE

0 100 200 300 400 500 0 100 200 300 400 500
t t

Figure: Few ways of constructing e-processes from LR processes.

(i) true parameter: choose 0; = 0T = 0.3

(ii) misspecified: choose 6; = 0.1

(iii) random: take iid 6; from U[0, 0.5]

(iv) MAP: choose ; by the MAP estimator with prior § ~ N(0.1,0.22)

(v) MLE: choose 6; with 61 := 0.1 and 6; the MLE of # based on Xi,..., X;_1
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3. Efficiency: e-processes under Q

3.3 Composite P vs. composite Q: Testing by betting
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Testing by betting

Key idea: e-process for P = wealth of a bettor wagering against P

Initialize wealth My = 1.
Fort=1,2,....

® Declare a bet E; : X — [0, 00) with EF[E.(X;) | Fr_1] <1 VP € P.
® QObserve data X;.
e Update wealth: My = M;_1 - E;(X;) = H;Zl Es(Xs).

Proposition

If EF[E; | Fe_1] < 1forallP€ P and t > 1, then M, = Hi:l E; for t > 1 with My =1 is a test
supermartingale (hence e-process) for P.

Proof. EF[M, | Fi_1] = M;_1 EF[E; | Fr_1] < M,_; for every P € P.
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Testing by betting

Key idea: e-process for P = wealth of a bettor wagering against P

Initialize wealth My = 1.

Fort=1,2,....
® Declare a bet E; : X — [0, 00) with EF[E.(X;) | Fr_1] <1 VP € P.
® QObserve data X;.
e Update wealth: My = M;_1 - E;(X;) = Ht Es(Xs).

s=1"%-s

Question: What are the optimal bets?

® For simple P = {P} and Q = {Q}, E(X;) = % ensures (M;):>0 is log-optimal.
® For composite P and Q,
(i) No known analogue of the LR increments that makes (M;);>o log-optimal;

(i) Compromise: Avoid all-in; pick stake A¢ € [0, 1] to hedge misspecification.
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Testing by betting (composite P vs. Q)

Initialize wealth My = 1.
Fort=1,2,...

® Declare a bet E; : X — [0,00) with EF[E.(X;) | Fr_1] <1 VP € P.

® Choose stake A; € [0, 1].

Observe data X;.

Update wealth: My = (1 — A\ )Me—1 - 1+ A\eMe_y - B =TTl (1= As) + As Es)

guaranteed wealth risky payoff

Proposition
(My)¢>0 is a test supermartingale (hence e-process) for P.

Proof. EF[(1 — A¢) + AeEr | Fro1] < (L= At) + Ar -1 =1 for every P € P.

Next: How to optimise the stakes (A;)¢>1?
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Optimising predictable stakes ()\;);>;

Definitions

(i) For an alternative measure Q, the oracle e-process built on (E¢)¢>1 is (M:)e>o with

At € argmaxEQ[log ((1 — A) + AE;) | Feo1].
A€[0,1]

(i) For v € (0,1], the empirically adaptive e-process is (M;):>o with

At € 1
arg max
! aefo] t—1

t—1
D log (1—A)+AE), M =0.
s=1
Remarks:
® Choose \; to maximise the (empirical) e-power of (1 — A;) + A\:E; given Fy_1.
® (M;)¢>o from (i) is log-optimal among e-processes built on (E;)¢>1
® (M;)¢>o from (ii) has good e-power & power if (E;)¢>1 are roughly iid under Q.

Next: Going back to our iid Bernoulli example...
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Example:
® (X;)e>1 iid from Bern(p), with Ho : p < 0.5 vs. H; : p > 0.55.
® Fort>1, let

Et: 27 |th:].
07 |th:0

= EP[E(X:) | F+-1] <05-2+05-0=1 for p < 0.5.
® Nature picks Q = Bern(0.6).

® Oracle e-process built on (E;);>1 bets with

At =02¢€arg maxEQ[Iog (=X + \E)].
A€[0,1]

® Empirically adaptive e-process bets with
t—1

At € arg max
T Nepy t-14

> log (1= A)+AE), M\ =0.
s=1
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log M

Power

Stake A;
<)
]

—— all-in: E9log M¢] 25-75% band
—— oracle: F°[log M,] 25-75% band
25-75% band

—— adaptive: F9[logM;]

— all-inAr=1 —— adaptive E[A¢]
—— oracle A;=0.2 adaptive 25-75% band

0.0

1.00
0.75 A
0.50 A
0.25 A

0.00
0

50

100 150 200 250

300

Remarks:

® oracle e-process is log-optimal
among e-processes built on (E;)¢>1

® empirically-adaptive e-process

lies between oracle and all-in
stakes concentrate as t — o0
more aggressive at the start
has good e-power & power
when (E;):>1 iid under Q
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log M;

-10.0

Power

Stake A¢

10.0
7.5 1
5.0 A
2.5
0.0 1

—2.51

—5.0 A

—7.51

—— all-in: £2[log M;]
—— oracle: E9[logM;]

—— adaptive: F°[logM]
—— adaptive (y=0.3): £°[log M¢]

1.0

— all-inA;=1
—— oracleA;=0.2

—— adaptive E[A¢]
—— adaptive (y=0.3) E[A¢]

%

1.00
0.75 A
0.50 A
0.25 A

0.00 -

50

100

150 200 250

300

Remarks:

® oracle e-process is log-optimal
among e-processes built on (E;)¢>1

® empirically-adaptive e-process

lies between oracle and all-in
stakes concentrate as t — o0
more aggressive at the start
has good e-power & power
when (E;):>1 iid under Q
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Empirically adaptive e-processes

Theorem

Let (E;)r>1 be iid under the alternative distribution Q such that E@[log £1] is finite. The
empirically adaptive e-process (M;):>o with v = 1 satisfies the following:

(i) Asymptotic log-optimality in the sense that

lim 1 (Iog M; — log l\/l?) >0 in L'-convergence under Q

t—oo t
with the oracle e-process (M2) >0 built on (E;)¢>1.
(i) Consistency, i.e., if EQ[£;] > 1, then M, — 0o Q-a.s. as t — o0.

Proof.
(i) follows from LLN.
(ii) due to for E >0, E?[E] > 1 <= 3\ € [0,1] s.t. E¢[log ((1 — \) + AE)] > 0.
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