Mind the U Curve:
Why We Stop Gradient Descent Early

Shirley Xiaoqi Liu

Joint work with:

Alex Buna Patrick Rebeschini

Meet Our Group Seminar Series
Department of Statistics, University of Oxford

27 May 2026



A canonical classification task

1/6



A canonical classification task

e |ID samples S := (X;,Y;)" ;. Binary Gaussian mixtures

1/6



A canonical classification task

e |ID samples S := (X;,Y;)" ;. Binary Gaussian mixtures

1/6



A canonical classification task

vi= -1 T e

e 11D samples S := (X;,Y;)™ . Binary Gaussian mixtures X; = Y;uu +¢; € R? with
Y; ~ uniform{+1} and g; ~ N (0,X)

1/6



A canonical classification task

Vi=—1 e

e 11D samples S := (X;,Y;)™ . Binary Gaussian mixtures X; = Y;uu +¢; € R? with
Y; ~ uniform{+1} and g; ~ N (0,X)

® Regime. d >n

1/6



A canonical classification task

Yi=-1 [

e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable

1/6



A canonical classification task

R 2 T
Vi=-1 [ L vi=1

e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

1/6



A canonical classification task

R 2 T
Yi=-1 " e Y=l

e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

1/6



A canonical classification task

not linearly-separable

R 2 T
Yi=-1 " e Y=l

e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

1/6



A canonical classification task

not linearly-separable
\

R AN TS
Y - V=1

\ e

Y, = -1

learned
e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

1/6



A canonical classification task

not linearly-separable

4 ._“\,\ - .
P L v =1

\
\ e

Y, = -1

Bayes learned
e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)

® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

1/6



A canonical classification task

not linearly-separable

R VAN I T
Yi=-1 > e Y=
| —
Bayes learned
e |ID samples S := (X;,Y;)"_,. Binary Gaussian mixtures X; =Y, + ¢, € R¢ with
Y; ~ uniform{+1} and &; ~ N(0, X)
® Regime. d > n = samples are linearly-separable = gradient descent (GD) on logistic loss

produces iterates (w;):en with ||w;|| — oo and direction T Converging to max-margin

classifier & + sign(x T wy) Soudry et al. [2018], Shamir [2021]

® Goal. Understand how the excess zero-one risk
E(wy) — E(w™)

evolves along the GD trajectory, where £(w) := P(sign(XiTw) #Y;) and w* = S pis
Bayes classifier
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excess 0/1 risk
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Full paper: Alex Buna, Shirley Xiaoqi Liu, and Patrick Rebeschini. Minimax Optimal
Early-Stopped Gradient Descent for Gaussian Mixture Classification, 2026. (To appear)

Shirley Patrick
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Least-squares regression

Objective:
~ 1 )
Lw) = o |Xw -]

= gradient linear in w
= GD telescopes to closed form:

w, = (1~ (I—%XTX)t>(XTX)TXTY

spectral filter, explicit in ¢

As t — 0o, w; — We = (X' X)'XTY
is min-f2-norm interpolator

Linear classification
Objective:
7 IRS -Yi X, w
L(w) = 5210g(1—|—6 iXiw)
i=1

= gradient nonlinear in w
= no closed form, only a recursion:

Wi = Wy + %Z YiXith) Y X;

nonlinear in w,

As t — oo —

Wy Weo
" flwell Twoo I
Woeo = arg Ming,,cpa |w|| st. ViX;"w > 1Vi
is max-margin classifier



Table: Overview of the most closely related prior work and positioning of our work.

Least-squares regression

Linear classification

Bartlett et al. [2020], Belkin et al.

Muthukumar et al. [2021], Hsu

Benign [2020], Hastie et al. [2022], Tsigler et al. [2021], Chatterji and
overfitting and Bartlett [2023], Muthukumar Long [2021], Wang and Thram-
et al. [2020]... poulidis [2022], Cao et al. [2021],
Hashimoto et al. [2025], ...
Implicit Y: t al. [2007], S la et al
plicit -~ Yao et al. [2007], Suggala et a Wu et al. [2025b]
regularisation [2018], ...
Early-
stopped GD

Statistical
optimality

Biihimann and Yu [2003], Raskutti
et al. [2014], Dieuleveut and Bach
[2016], Wu et al. [20253], ...

This work
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