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A canonical classification task

−µ µ
Yi = −1 Yi = 1

• IID samples S := (Xi, Yi)
n
i=1. Binary Gaussian mixtures

Xi = Yiµ+ εi ∈ Rd with
Yi ∼ uniform{±1} and εi ∼ N (0,Σ)

• Regime. d ≥ n ⇒ gradient descent (GD) on logistic loss produces iterates (wt)t∈N with
∥wt∥ → ∞ and direction wt

∥wt∥ converging to max-margin classifier x 7→ sign(x⊤w∞) Soudry

et al. [2018], Shamir [2021]

• Goal. Understand how the excess zero-one risk

E(wt)− E(w∗)

evolves along the GD trajectory, where E(w) := P
(
sign(X⊤

i w) ̸= Yi

)
and w∗ = Σ−1µ is

Bayes classifier
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The schematic U curve

GD iteration t

excess zero-one risk

E(wt)− E(w∗)

0

w0 = 0

w∞ is max-
margin classifier

Q2: How bad can
interpolation be?

(necessity)
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Sufficiency:

• Early-stopped GD achieves
minimax-optimal excess risk for certain
data spectrum (e.g., λi ≍ i−2a, λi ≍ e−bi).

• Matching upper and lower bounds for
early-stopped GD (Thm. 3)

Necessity:

• Interpolation requires exponentially
worse sample complexity in mildly over-
parameterized regimes (e.g., d ≍ n logn).

• Interpolation lower bound (Thm. 4)

Full paper: Alex Buna, Shirley Xiaoqi Liu, and Patrick Rebeschini. Minimax Optimal
Early-Stopped Gradient Descent for Gaussian Mixture Classification, 2026. (To appear)

Alex Shirley Patrick
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Sample covariates X = [X1, . . . ,Xn]
⊤ ∈ Rn×d, step size γ > 0, iteration number t.

Least-squares regression

Objective:

L̂(w) =
1

2n
∥Xw − Y ∥2

⇒ gradient linear in w

⇒ GD telescopes to closed form:

wt =
(
I −

(
I− γ

nX
⊤X

)t)
︸ ︷︷ ︸
spectral filter, explicit in t

(X⊤X)†X⊤Y

As t → ∞, wt → w∞ = (X⊤X)†X⊤Y

is min-ℓ2-norm interpolator

Linear classification

Objective:

L̂(w) =
1

n

n∑
i=1

log
(
1 + e−YiX

⊤
i w

)
⇒ gradient nonlinear in w

⇒ no closed form, only a recursion:

wt+1 = wt +
γ

n

n∑
i=1

σ(−YiX
⊤
i wt)︸ ︷︷ ︸

nonlinear in wt

YiXi

As t → ∞, wt
∥wt∥ → w∞

∥w∞∥

w∞ = argminw∈Rd ∥w∥ s.t. YiX
⊤
i w ≥ 1 ∀i

is max-margin classifier



Table: Overview of the most closely related prior work and positioning of our work.

Least-squares regression Linear classification

Benign
overfitting

Bartlett et al. [2020], Belkin et al.

[2020], Hastie et al. [2022], Tsigler

and Bartlett [2023], Muthukumar

et al. [2020]...

Muthukumar et al. [2021], Hsu

et al. [2021], Chatterji and

Long [2021], Wang and Thram-

poulidis [2022], Cao et al. [2021],

Hashimoto et al. [2025], ...

Early-
stopped GD

Implicit
regularisation

Yao et al. [2007], Suggala et al.

[2018], ...
Wu et al. [2025b]

Statistical
optimality

Bühlmann and Yu [2003], Raskutti

et al. [2014], Dieuleveut and Bach

[2016], Wu et al. [2025a], ...

This work
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